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Non-associative plasticity for structural instability of cylindrical shells in the inelastic range

ABSTRACT

Thick-walled cylindrical metal shells, commonly used in tubular structures and pipelines,
during their lifetime may be subjected to considerable compressive loads, which can lead
to local buckling. In modelling their structural behaviour, the use of standard J. flow
plasticity is known to produce unrealistically high buckling load estimates. Alternative
constitutive models, which consider the formation of yield surface “corners’, can provide
more accurate predictions, but they have been used scarcely, due to the limitations and

complexities they introduce.

The present work develops an efficient and versatile plasticity model to simulate the
structural response of metal shells under compressive loads. It combines the simplicity of
a Von Mises yield surface, with a non-associative flow rule, mimicking the effect of a
yield surface corner. The model allows for tracing the equilibrium path of the shells and
identifying structural instability in a consistent manner. A robust backward-Euler
integration scheme is developed, suitable for three-dimensional (solid) and shell finite
elements. The corresponding algorithmic moduli are obtained for nonlinear isotropic
hardening materials. The nonlinear dependence of plastic strain increments on the

direction of total strain increments is accounted for rigorously.

The constitutive model is implemented in Abaqus as a user material subroutine (UMAT).
Simulations of thick-walled metal cylinders under uniform compression show good
agreement with experimental data in predicting the buckling and post-buckling
performance of shells. The influence of geometric imperfection is considered, and
comparisons are made with models employing the J flow plasticity. The reliability of the
developed approach is further demonstrated by investigating more demanding problems
of bending and pressure in inelastic cylinders, taking into account ovalization, bifurcation
instabilities, imperfection. These problems involve non-trivial prebuckling equilibrium
paths, non-uniform loading and significant non-proportionality, before instability onsets,
which activate the model’s particular features, and illustrate their role in the evolution of
buckling. Analyses showcase the model’s capabilities, producing accurate instability
estimates, ultimate load and deformation predictions in line with experiments and clarify
aspects of the buckling of inelastic shells. Extending a traditional practice, a simple
method is presented for estimating the instability of inelastic cylinders under bending and
pressure loads, drawing on similarities in their buckling with that of cylinders under

compression.
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LAY SUMMARY

Long thick-walled metal cylinders are widely used in tubular structures and pipeline
applications. During their installation, operation and in extreme events, they may be
subjected to significant compressive loads, which can lead to structural instability in the
form of local buckling (wave-like deformations developing in parts of the cylinder). In
thin-walled cylinders, local buckling is considered as failure, as it is followed by an abrupt
loss of strength and collapse of the tube section. For thicker cylinders, with diameter-
over-thickness ratios (D/t) less than 60, the post-buckling behaviour can be smoother, and
a series of events can precede collapse. To take advantage of this additional strength in
the design of tubes, simulation tools are needed to accurately estimate the onset of

buckling, the structural behaviour until failure, and the factors that influence them.

Since the 50s, the structural performance of thick-walled cylinders has been attracting
research attention. These shells experience instability while loaded in the inelastic
(plastic) range of the material, and the key subject of buckling estimation is known to be
sensitive to the plasticity model used. The standard model has been found to produce
overly high buckling load estimates, which may be attributed to sudden changes in the
material loading that occur at buckling. More advanced material models, that account for
lower material strength under such conditions, produce more realistic buckling estimates,
in agreement with experimental data. However, these models have been employed

scarcely in structural calculations due to limitations and complexities they introduce.

The present research reviews the influence of material modelling in structural stability
calculations of tubulars under compressive loads. An efficient and versatile material
model is developed that accounts for properties of advanced material models in a
simplified and effective manner. It is programmed and introduced in modern structural
engineering tools, to reliably simulate the behaviour of thick-walled cylinders. Numerical
analyses are performed to investigate the structural performance of tubulars under
uniform compression, bending and pressure loads, which represent a wide range of load
cases of practical interest. Simulated behaviours are in agreements with experimental data
and aspects of instability in tubulars are clarified. The developed work frame may be used
towards the accurate assessment of buckling and the post-buckling behaviours of tubulars,

necessary for safe and economic design.
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NOTATION

Standard notation is used throughout the thesis. Bold face symbols denote tensors whose
order is indicated by the context, while normal letters refer to scalars. Let a, b be vectors,
A, B be second order tensors and C a fourth order tensor, with their respective cartesian

components a;, b;, A;j, Bij, Cijki-

The inner product operator has the following meaning depending on the types of variables

it is applied on:
a-b= aibi

The norm operator is defined as
lAll = VA -A = [A;;A;;

and
b=Aa- bl' = Al]a]
B=CA- BU = Ci]'klAkl

The dyad product operator has the following meaning depending on the types of variables

it is applied on:
A=aQ®b- A =ab
X=AQ®b - X, =A;by
Y=AQ®B - Y =4iBu

Additionally, it is useful to note that any symmetric second order tensor can be split into

two components: a volumetric (or spherical) and a deviatoric, as follows
A =I5YMA = [Ivol + Idev]A — Avol + Adev

Two important identities for operations with symmetric second order tensors A, B are:
Avol . Bdev =0
A . Bdev — pAdev . gdev — ”Adev””Bdev” cos @

where 6 represents an angle, formed between the two tensors in the deviatoric

hyperspace.
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1 INTRODUCTION

Elastic-plastic instability of structures is a broad field of study with a range of applications
in civil, mechanical engineering and marine structures. In particular, the structural
performance of cylindrical metal shells under compressive loads is a classic problem of
mechanics, with numerous applications that include tubular structures, nuclear power
plant piping components, offshore and onshore pipelines transporting oil, natural gas,

hydrocarbons, water.

Operation and shut-down-for-maintenance conditions of pipelines can lead to
considerable axial loads, due to temperature changes, combined with high pressure loads
(Limam et al., 2010). The deep-water installation process of offshore pipelines induces
high bending loads, into the plastic range of the material, combined with tension and
external pressure (Kyriakides & Corona, 2007). Severe loading events, earthquakes,
ground movements, landslides, subsidence, faulting, can further cause significant bending

and axial loading in tubular sections (Kaya et al., 2017).

The resulting high compressive stresses and strains in the shell wall may lead to cross-
sectional distortion, local buckling and failure. For a safe and economic design, it is
desirable to estimate reasonably closely the circumstances that lead tubulars to buckle,
when subjected to compressive loads. So, continuous research attention is directed
towards the cross section capacity of thick-walled shells, e.g. (Fatemi & Kenny, 2017;
Takla, 2018; Tabeshpour et al., 2019; Meng et al., 2020)

The behaviour of thick-walled tubulars is governed by the interaction of nonlinearities in

the metal material properties and inherent geometric nonlinearities (e.g., cross section
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ovalization in bending) which are further exacerbated by the occurrence local buckling.
Beam theory approaches that are sufficient for designing most steel members, cannot
capture the structural behaviour of tubular members when bifurcation-type instabilities
(local buckling) occur, which involve sudden changes in geometry (cross section shape)
leading to loss of structural strength. Additionally, for thick-walled cylinders, the
bifurcation from the primary equilibrium path (buckling) takes place into the inelastic
range of the material, which complicates estimations, as predictions are reportedly

sensitive to the elastoplastic constitutive model that is employed.

1.1 State of the art

Inelastic constitutive models based on associative plasticity can accurately simulate metal
material behaviour and are suitable for general-purpose analyses of metal components
and structures. However, in problems of plastic buckling and strain localization, which
occur well into the inelastic range of the material, the use of the J, flow theory (J2FT)
often results in bifurcation load predictions significantly higher than those observed
experimentally. On the other hand, approaches that use the J» deformation theory (J2DT)
provide estimates more consistent with the experimental data e.g. (Batdorf, 1949; Gerard
& Becker, 1957).

In structural instability problems, it is quite difficult to identify accurately the onset of
bifurcation, mainly because of its tangential (non-abrupt) character (Kyriakides &
Corona, 2007). Furthermore, end support effects and, most importantly, the presence of
inevitable small geometric and other imperfections do not allow for clear interpretation
of experimental buckling results. In this perspective, the introduction of imperfections in
modelling using J2FT may suffice to predict maximum buckling loads observed in
buckling experiments e.g. (Shamass et al., 2014). Nonetheless, to obtain good predictions
in terms of bucking load and, more markedly, in terms of the corresponding deformation,
the necessary imperfection amplitudes can become unrealistically high, particularly in
thick-walled shells or materials with considerable hardening (Hutchinson & Budiansky,
1976; Ore & Durban, 1992)

The documented superiority of J2DT in estimating the bifurcation point (Tugcu, 1991;
Blachut et al., 1996; Wang, et al., 2001) can be explained by the material stiffness moduli
that J2DT employs, which are less stiff compared to the J2FT. As a result, plastic strain
increments may develop in directions tangent to the Von Mises yield surface, not

exclusively perpendicular to it. This more compliant material behaviour can be attributed
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to the development of corners in the yield surface of real materials (Batdorf & Budiansky,
1949) when abrupt changes in stress direction occur, which was investigated in the 60s
(Hecker, 1972) and was observed experimentally more recently (Kuroda & Tvergaard,
1999; Kuwabara et al., 2000).

Budiansky (1959) argued for the applicability of J2DT for a range of problems with load
paths which do not involve unloading, as the J2DT does not have such a condition. It has
been used to trace the prebuckling and instability of cylinders under compression and
bending e.g. (Gellin, 1979; Gellin, 1980; Kyriakides & Shaw, 1982). However, in the
post-buckling, parts of the shell may unload, so the use of J2DT may not be an appropriate
material model e.g.(Guarracino & Simonelli, 2018). A hybrid approach has been
suggested to overcome this issue: using the J2FT for tracing the primary equilibrium path
of the structures, and the J2DT material moduli for estimating bifurcation. This method
has been suggested in early works (Batdorf, 1949; Bushnell, 1974, 1982) and used
successfully in problems of structural instability of tubes under compressive loads (Ju &
Kyriakides, 1991, 1992; Bardi et al., 2006; Corona et al., 2006; Peek & Hilberink, 2013).
Still, it requires the use of two distinct constitutive laws for the same material within the
analysis, while it might not allow for tracing consistently the post-buckling behaviour, as
it might not lead to an instantaneous jump to the non-trivial post-buckling branch.

Alternatively, the adoption of more elaborate constitutive models has been suggested for
predicting accurately the buckling of thick-walled metal shells loaded into the plastic
range. Advanced constitutive models have been proposed by (Christoffersen &
Hutchinson, 1979; Gotoh, 1985; Goya & Ito, 1991) incorporating a yield surface with a
vertex; a detailed overview is given in Schurig (2006). These models can account for less
stiff behaviour for non-proportional loading * and higher plastic deformations, when
compared to J2FT. In particular, the J> corner theory, developed by Christoffersen &
Hutchinson (1979), employs the rate form of the J2DT for a range of strain rate directions,
elastic unloading within a conical yield surface, and partial loading in between. It has
been employed successfully in problems of shear band formation (Christoffersen &
Hutchinson, 1979; Needleman & Tvergaard, 1984) and in structural instability
investigations of compressed cylinders and cylindrical panels (Tvergaard, 1983a, 1983b;

Giezen, 1988; Tvergaard & Needleman, 2000). However, the calibration and

! Proportional are loading paths during which the stress components increase in constant ratio to each other,

e.g. uniaxial loading
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implementation of such models in an implicit finite element environment may become

quite cumbersome, making their use unattractive for structural computations.

To circumvent the complexity and the computational cost of corner theories, simpler
plasticity models were suggested which employ flow rules that mimic the increased
plastic flow caused by yield surface corners, while maintaining the smooth shape of a
Von Mises yield surface. Hughes & Shakib (1986) developed an associative flow rule
with increased plastic flow, based on a hardening modulus dependent on the direction of
the strain increment. Yet, it demands significant hardening and no application in structural
stability problems has been identified by the author. Simo (1987) presented a non-
associative flow rule which mimics the effect of a yield surface corner, applicable
independently of the level of hardening. However, the corresponding instantaneous and
linearized stiffness moduli were not presented, neither was the model implementation for
nonlinear hardening materials. This model was used by Rgnning et al. (2010) for
modelling the torsional buckling of cruciform columns, and it was the basis for the non-
associative models by (Kuroda & Tvergaard, 2001; Kuroda, 2004, 2015; Yoshida, 2017).

To inherit the effectiveness of J2DT in buckling predictions, some models were
developed that employ its rate form, along with a smooth Von Mises yield surface.
However, in this approach, accounting for elastic unloading creates a discontinuity in the
production of plastic flow in directions tangent to the yield surface. To eliminate this
discrepancy, Peek (2000) relaxed the demand for elastic unloading, allowing for some
plastic deformation to take place for stress paths directed inward the yield surface. Pappa
& Karamanos (2016) employed a different tactic: they maintained elastic unloading but
modified the J2DT flow for a range of strain directions close to the yield-surface tangent,
so that plastic production is smoothly zeroed for tangent directions. Yet, the ensuing
strain-direction dependency was not fully incorporated in the presented formulation.
These models were used to investigate the buckling response of metal tubes under

compression.

1.1.1 Research needs

The above constitutive models were incrementally developed to approach problems of
inelastic instability in an effective and progressively simpler manner. Each exhibits
advantages and drawbacks mainly related to the implementation and application aspect
of the model. Their adoption within modern implicit finite element algorithms is not

trivial and has not been discussed thoroughly, while their particular, non-standard
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properties demand special consideration. Additionally, rather limited reported application
in practical investigations has been identified for several of these models, so their
effectiveness in inelastic instability calculations and convergence performance in
simulations may demand further examination. These observations are a starting point to
the present research directed to studying structural instability of metal shells in the

inelastic range, by accounting for “‘corner effects’ in the constitutive law.

1.2 Aims and objectives

This research aims to develop and implement efficient numerical (finite element) tools to
reliably simulate the structural behaviour of thick-walled metal shells loaded in the
inelastic range. Accounting for non-standard material behaviours, the present
investigation aspires to further the understanding on instabilities and other factors that

influence the structural performance of inelastic shells under compressive loads.

Considering the disparity between buckling estimates employing the J2FT and
experimental data, an examination is undertaken of alternative, advanced constitutive
laws that may offer the capability to both (a) trace accurately the equilibrium path of
inelastic metal shells and (b) to estimate instability in a consistent manner, using
established computational tools. The variety and complexities of these material models
motivates the development of a framework for systematically studying and implementing
non-associative, ‘pseudo-corner’ models in implicit algorithms. Focusing on simplicity
and direct applicability in FE simulations, a new special-purpose constitutive law is
synthesised. It is introduced as an efficient extension of modern structural analysis
software, to investigate the structural response of inelastic metal shells, accurately tracing

their equilibrium paths and consistently assessing stability.

Motivated by offshore and pipeline engineering, several aspects of the instability of thick-
walled cylindrical metal shells are examined, under a range of demanding loading
conditions of practical interest. Verification of the performance and the extend of
applicability of the constitutive model within large scale finite element calculations is
pursued and validation of its capacity to accurately simulate structural performance of

shells, well into the post buckling.
Key objectives of the research are:

e Investigating the methods used in modelling the behaviour of thick-walled shells

under compressive loads.
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e Reviewing the literature to pinpoint the role of material constitutive laws in
modelling the instability in the inelastic range.

e Selecting an appropriate constitutive model to reliably simulate the structural
behaviour and instabilities of inelastic shells under compressive loads and
implementing it within available computational finite element tools in an efficient
manner

e Collecting appropriate experimental data from the literature and performing
numerical simulations to validate and calibrate the model

e Verifying the extend of applicability of the constitutive model, considering
various load scenarios that lead to inelastic buckling and validating its capability
to accurately simulate structural performance of shells well into the post-buckling
range

e Testing the model performance in big scale finite element analyses, to thoroughly
investigate its convergence in demanding structural calculations characterized by
structural instabilities and load path changes

e Assessing the influence of constitutive modelling in shell instability (primary
equilibrium, bifurcation post-buckling paths) and the imperfection sensitivity in
the inelastic range, in comparison with J2FT

e Elucidating aspects of inelastic instability of shells, the sequence of events from
buckling to failure of sections, accounting for geometry, material and various

loadings

1.3 Methodology

Advanced material models-candidates for inelastic buckling calculations are identified
and used as a starting point for developing a new simplified constitutive model that can
be efficiently implemented in available computational tools. This model maintains the
basic features of the J2FT plasticity and introduces key enhancements to effectively
account for non-standard material behaviours. A smooth Von Mises yield surface is
adopted, along with a two-branch non-associative flow rule, that employs material
stiffness lower than J2FT, mimicking the influence of a vertex forming in the yield

surface. Followingly, this model is referred to as J» Non-Associative (J2NA).

Based on considerations of previous ‘corner’ and “pseudo-corner’ models, the first branch
of J2NA is activated for moderate deviations from proportional loading, and it employs

the rate form of the J2DT, to inherit its effectiveness in structural instability predictions
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in the plastic range. The second branch is activated for larger deviations from proportional
loading, and it is used for strain increment directions approaching the yield-surface-
tangent. It is an extension of the approach by Simo (1987), mimicking the effect of a yield
surface corner of semi-angle denoted as 6., and it is adopted for its robustness and natural
geometric interpretation. Fully elastic unloading is employed for strain-increment
directions tangent and inward to the yield surface, as suggested in the model by Pappa &
Karamanos (2016). The model’s behaviour can vary between the stiffer J2FT and the
more compliant J2DT, based on the model’s material parameter (6.) and the direction of

the strain rate.

Nonlinear isotropic hardening is considered to address monotonic loading problems in
inelastic cylindrical shells. A small-strain formulation is presented, and a detailed
backward-Euler numerical integration scheme is developed for three-dimensional
elements. An enhanced version is presented for shell elements analyses, accounting for
zero stress across the shell thickness. Care is taken to rigorously account for the strain-
increment-direction dependence in the numerical integration and consistent linearization
of J2NA, an issue commonly overlooked in previous approaches. The developed
integration scheme is general enough to allow for implementing behaviours from various
other models in the literature, and it may be used as a work frame for implementing non-
associative and ‘pseudo-corner’ constitutive laws within implicit algorithms. The model
is tested extensively in large-scale cylinder instability analyses and several non-trivial
loading scenarios, involving non-proportional loading, to examine its effectiveness and

range of application.

Motivated by the offshore pipeline installation processes and the structural behaviour of
offshore tubular members, the present research investigates the local buckling and post-
buckling resistance of long thick-walled cylindrical metal shells under various

compressive loads and the ensuing types of instabilities.

Numerical simulations are conducted using the commercial general-purpose finite
element code Abaqus. Carefully constructed three dimensional (3D) models are used to
study the structural behaviour of cylinders subjected to uniform compression, bending
and the pressure loads, which represent a range of important load cases. Shell finite
elements are employed in analyses considering non-linear geometry, inelastic material
properties and initial geometric imperfections. The developed non-associative plasticity
model is coded in Fortran and implemented as a material user subroutine (UMAT) in
Abagus/Standard.
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J2NA is employed in numerical analyses to investigate the structural behaviour of elastic-
plastic cylinders under compressive loads. Using a single constitutive model, it is possible
to trace the prebuckling and the post-buckling equilibrium path of the cylinders and
consistently estimate instability, utilizing the capabilities of the finite element software.
A generalized version of Hill’s ‘comparison solid” concept is used to identify the onset
of instability, and a semi-analytical method is considered for simplified buckling
calculations. The influence of the model’s features and of initial geometric imperfections
on the simulated behaviour of thick-walled tubes is demonstrated, and comparisons are
made with respect to J2FT. Imperfection is introduced in the form of the shell’s buckling
modes. Structural behaviours and bifurcation estimates obtained employing J2NA

compared well with predictions and with experimental works from the literature.

1.4 Practical applications

The present research focuses on the structural performance and instabilities of thick-
walled cylinders under compressive loads, which experience local instability and
ultimately fail while loaded into the inelastic range of the material. These shells have
important applications in onshore and offshore structures where high compressive loads
need to be carried, but also in piping components and pipelines that are subjected to severe
compressive loads during installation, operation, maintenance and in severe loading
events. Accurately estimating their instability, post-buckling capacity and performance
allow for optimal use of the structural properties of the thick-walled sections, where
bifurcation does not immediately imply failure, leading to a more economic design. This
can be of importance particularly in applications of pipelines, where their large scale
implies that material economy can have a significant impact. Other, structural
applications include e.g. offshore platforms (indeterminate systems) where ultimate limit
state design can be more economic by accounting for the post-buckling capacity of
isolated structural members, as local instability might not be detrimental for the global
stability of the structure. Simulating reasonably closely the buckling and post-buckling
behaviour of inelastic shells can allow for more efficient use of the material strength and
the structural capabilities of the members, which can be of particular interest for members

of high strength steel.

Despite focusing this investigation on stability calculations of cylindrical shells with
application in offshore and pipeline engineering, this research addresses the critical

subject of inelastic buckling of shells. Thus, the developed tools and methodologies may
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be extended and applied to investigate the structural behaviour and buckling of inelastic
shells of various cross sections and different geometries and further compressive
loadings, with applications including e.g., compressed plates and spherical shells
subjected to external pressure in vessel components. Besides inelastic shell buckling,
metal forming process simulations comprise a domain where the non-associative models
are being investigated, offering an extensive range of industrial applications, but also
problems of strain localization, metal sheet necking. From a research perspective, this
work treats ‘pseudo-corner’ and non-associative models in a unified manner and outlines
their implementation process in finite element codes, so, it can be used as a guide to
develop several flow rules that exhibit similar effects, which may be used to investigate

various aspects of the aforementioned problems.

1.5 Outline of the thesis

This thesis is divided in 10 chapters, including the present introduction. A short

description of the following chapters is given below.

Chapter 2: A brief introduction in plasticity theory is offered, with special reference to
non-standard constitutive laws - candidates for modelling instability in the inelastic range.
Motivated by complexities and limitations of these models, a special purpose J> non-
associative (J2NA) constitutive law is developed for structural stability calculations of
thick-walled shells. The model’s formulation is meticulously described and its relation to

previous ‘corner’ and ‘pseudo-corner’ constitutive models is explained.

Chapter 3: A numerical integration scheme is presented in detail, towards the
implementation of the model in implicit finite element tools. An enhanced version is
developed to account for plane stress conditions, applicable in shell elements analyses.
Special attention is paid in addressing thoroughly the intricacies of the model, which stem
from the reduced material stiffness when changes in the strain path occur. The material
behaviour under non-proportional strain paths is demonstrated. The numerical accuracy

of the developed integration scheme is discussed.

Chapter 4: The buckling of thick-walled metal cylindrical shells under uniform
compression is considered as a classic problem of instability in the inelastic range. It
showcases the effectiveness of shell element models employing J2NA in addressing
structural instability problems. Finite element analyses are performed, producing
behaviours in agreement with the experimental work by Bardi et al. (2006). Aspects of

buckling and the relevant modes are considered, with focus in uniform wrinkling and its
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localization leading to loss of structural rigidity. The role of geometric imperfection in

the structural response of the shells is examined.

Chapter 5: Investigation is extended to problems of pure bending, which entail non-trivial
prebuckling equilibrium paths. The structural response of various thick-walled metal
cylinders is investigated with respect to their diameter-to-thickness ratios (D /t). The limit
states due to ovalization and bifurcation instabilities are examined, along with their
interactions and prevalence of either, depending on the shell’s geometry, imperfection
and boundary conditions. Structural behaviours from numerical simulation are in line
with experiments and remarks by Kyriakides & Ju (1992), illustrating the range of
application of J2NA.

Chapters 6-7: The capabilities of the model are further evaluated in problems of bending
under pressure loads, which are characterized by inherently non-proportional loading
conditions. The key features of buckling in pressurized cylinders are addressed using the
J2NA in finite element analyses. Simulations accurately describe the experimental
behaviours reported by Limam et al. (2010) and Ju & Kyriakides (1991). A simplified
buckling estimation method is developed for pressurized cylinders under bending, by

considering similarities with buckling behaviours of cylinders under compression.

Chapter 8: A general closure is offered, and the main conclusions of the present research
are summarized. Key findings are highlighted, and future directions of the research are

indicated.

Chapters 9-10: References are provided, and three appendices are enclosed. Appendices
1, 2 provide additional information and details on the implementation of J2NA and
relevant constitutive laws from the literature. In Appendix 3, the formulas for cylinder

buckling under axial load and pressure are derived analytically and discussed.
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2 CONSTITUTIVE MODELLING

In this chapter, a brief introduction is made to the fundamentals of metal plasticity. An
overview is given of plasticity models suggested for addressing problems of instability in
the inelastic range, before immersing into the formulation of the non-associative model,

developed here, for efficiently simulating the buckling of inelastic shells.

2.1 Uniaxial material behaviour

The primary features of the idealized elastic-plastic behaviour of metals, used in structural
analyses, are summarized in the uniaxial stress-strain-curve in Figure 2.1. For small
deformations, material behaves elastically, so stress o and strain & values are
proportional, related through the elasticity (or Young’s) modulus o = Ee. Upon removal
of the load, the strain is fully recoverable. Material behaves elastically up until the elastic

limit is reached (point A) when its yield strength g, is exceeded.

Additional deformations have a plastic part which is permanent. Strain beyond the yield
point may lead to an increase in the material strength o (strain or work hardening), as in
the cases of high strength steel, stainless steel, aluminium etc., or a plateau may appeatr,
with no increase of strength for a range of deformations before hardening onsets, as in
mild streel. The slope E; of the stress-strain curve after yielding, also called tangent

material modulus, is usually significantly lower than the elasticity modulus (E; < E).
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Upon removal of the axial load (path BC), only the elastic part £° of the deformation is
recovered. The residual plastic part of the deformation P is permanent and the material
does not return to its initial state. Unloading follows path BC, having a slope equal to the

elasticity modulus E.
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Figure 2.1: Elastic-plastic behaviour under uniaxial loading

2.2 Fundamentals of metal plasticity
Plasticity models replicate this material behaviour under uniaxial loading and
appropriately generalize it to multiaxial stress and strain conditions. The following

fundamental attributes are shared by plasticity models:
I.  the total strain is decomposed into elastic and plastic parts

ii. avyield criterion is adopted in the form of a yield surface in the stress space, that

defines the conditions under which inelastic material behaviour initiates
iii.  ahardening law defines the evolution of the yield surface with plastic deformation

iv.  aflow rule determines the plastic deformation induced by applied stress or strain

increments.

These key elements of plasticity are briefly introduced below. For a detailed treatment of

plasticity, the reader is referred to the book by de Souza Neto et al. (2008).
2.2.1 Additive decomposition of strain

Under uniaxial loading (Figure 2.1), when the elastic limit is exceeded, the total strain is

split into elastic and plastic parts as
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e=¢e°4¢€P (2.1)
And the stress is calculated as:
o0 =Ee® =E(e—¢P) (2.2)

In the framework of incremental small-strain metal plasticity, this principle is extended
in multiaxial stress rates and strain rates. The rate of total strain tensor € is split into elastic

(£°) and plastic (éP) parts as:

E=¢°4+¢€" (2.3)
and the linear isotropic Hook’s law relates the stress rate ¢ to the elastic strain rate £° as:

6 = D&® = D(¢ — €P) = D& — DéP (2.4)
The fourth-order elastic stiffness tensor D is:

D = 3K 1"%! + 2G 19¢¥ (2.5)

where G is the shear modulus of the material, K is the bulk modulus and 1V°¢, 14¢? are the
volumetric and deviatoric fourth-order unit tensors, whose Cartesian components are

expressed using the Kronecker delta §;; as:

1 1
Gl = > (88 + 8ubj) — 3910kt (2.6)
vol 1 2.7
ijkl =§5ij5kz (2.7)
2.2.2 Yield criterion

The yield criterion is used to identify whether the material behaviour is elastic or inelastic
under the current stress state, for any subsequent stress or strain increment. In the uniaxial
case, yielding initiates simply when a yield stress is reached (¢ — a,, = 0). In the three-
dimensional case, this principle is expressed through the yield function, which, in
classical metal plasticity, takes the form:

F=F(o1)=0 (2.8)

F is a scalar function of the stress tenson o and a number of material and load history
(tensor and scalar) parameters [,,. Eq. (2.8) defines the yield surface, which is a convex
hypersurface in the stress space, enclosing all stress states for which the material behaves
elastically. During plastic deformation, changes in the geometry of the yield surface may

occur that are determined by the evolution of the internal parameters [, and the hardening
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rule.

A fundamental assumption in plasticity is that function F is non-positive (F < 0): (a) F
is negative when the stress state is enclosed by the yield surface, in which case any
infinitesimal deformation is elastic, while (b) F is zero when the stress state is on the yield
surface and plastic flow is imminent. Assuming the yield surface is smooth, the gradient

(outward normal) dF /da;; at any point of the yield surface is defined. Considering a

stress rate d;;, all possible loading conditions are summarized as:
e F=0 & 0F/d0;j6;;>0 - plastic loading
e F=0 & 0F/00;;j6;;<0 - elastic unloading

e F=0 & 0F/d0;j6;;=0 - neutral loading (tangent to the yield

surface - no plastic deformation)

e F<0 -  thematerial behaves elastically for any stress rate g;;

e F>0 - isaninvalidstate. When the material deforms plastically, internal

variables [, update so that F = 0 at the new stress state.

2.2.3 Hardening

Strain hardening, or work hardening, is the strengthening of a metal as a result of plastic
deformation, instigated by the changes in the material microstructure. The hardening law
or hardening rule describes the evolution of material strength under plastic deformation,
which is represented through changes in the geometry or translations of the yield surface,

expressed by the internal parameters ;..

Isotropic hardening is the simplest hardening rule. It postulates that plastic deformation
leads to expansion of the yield surface uniformly in all directions, when yielding initiates
(Figure 2.2). The shape of the yield surface is preserved, without any distortion or
translation and its size is directly related to the amount of accumulated plastic strain. For
specialized plasticity problems, more elaborate constitutive models may be used, further

involving translations and/or distortions of the yield surface with plastic deformation.

2.2.4 Plastic flow rule
The plastic flow rule determines the increment of plastic strain that is caused by an
increment of stress during elastoplastic loading. The plastic strain rate é? is classically

obtained by the differentiation of a smooth convex plastic potential (:
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. 0Q
do

Hence, plastic strain rate is coaxial with the gradient of plastic potential dQ/dao,
(perpendicular to the hypersurface Q = 0). Parameter A is a non-negative scalar called
plastic multiplier, and its value is determined from the consistency condition (F = 0),
accounting for any changes in the yield surface due to the hardening law. Consistency
demands that upon yielding the stress point must remain on the yield surface, if no

unloading occurs. Plastic strain is accumulated as
eP = f eP dt (2.10)

Followingly, a few important plasticity models are briefly introduced. Their particular
features and properties outline the process towards the development of the J, non-

associative model for inelastic buckling calculations.

2.3 J flow theory

For a wide range of applications, the J, flow theory (J2FT) can accurately model the metal
material behaviour and has been used extensively in the literature and in commercial
software. For most metals, the pressure does not affect yielding, so the Von Mises yield
criterion and an isotropic hardening law suffice to analyse problems of monotonic

loading, considered here. The yield function is expressed as:

F(o,¢5) = /3] — k(eq) = /3/21Isll — k(&) = 0 (2.11)

where s = 19¢V¢g is the deviatoric part of the stress tensor and ||s]| = /s - s is the norm
of s. Function k expresses the yield strength of the material as a function of the equivalent
(accumulated) plastic strain ,: a monotonic increasing parameter relating the multi-axial
plastic strain history to the behaviour of the material under a uniaxial stress, which is

defined as

£ = fe'q dt = fw/2/3 Ver - ép dt (2.12)

It is noted that under uniaxial load o, the equivalent VVon Mises stress is g = /3/2 ||s||
o and the equivalent plastic strain is equal to the plastic deformation of the material ¢, =

eP (see Figure 2.1).

The Von Mises yield surface is presented for plane stress conditions in Figure 2.2a, when
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it takes the form of an ellipse, together with its relation to the material stress-strain curve
under uniaxial loading. In the deviatoric stress space and in the principal three-
dimensional stress space (m-plane), the Von Mises takes the form of a circle with radius

k(,), which is further shown in Figure 2.2b.
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Figure 2.2: Schematic representation of the yield surface evolution considering isotropic
hardening and relation to the stress-strain curve of the material.

This flow rule is called associated or associative, because the plastic potential function Q
is chosen to coincide with the yield function F. As 2 = F, the flow relates to the stress
tenson only through the invariant J, = s - s/2, after which the model is named. The

plastic strain rate is expressed as:
. OF :
e’ =1—=,/3/21n (2.13)
Jdo

where n = s/||s|| is the unit tensor in the direction of the deviatoric stress, which is
perpendicular to the Von Mises yield surface. This implies that the plastic strain rate
tensor is deviatoric (é? = I9¢¥éP), meaning it has no volumetric component (it is

accompanied by no change in material volume). This is consistent with plastic flow being
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incompressible for most metallic materials, as it is primarily caused by plastic slip. Eq.
(2.13) further implies that A =./2/3VéP - éP = &g, and, finally, the consistency
equation (F = 0) allows for expressing 1 as:

A=¢, =

«=TrH/Bc™ ® (2.14)

where H = dk/de,; = (E;*— E71)7! is the material hardening modulus, directly
related to the material tangent and elasticity moduli (Figure 2.1). The plastic strain rate

éP produced by a total strain rate £ is:

o1 |
eP = m (n (024 n)e (215)

and the material elastoplastic rigidity tensor (D.,, = do/d¢) expressing the changes in

stress induced by a strain rate and the flexibility or compliance tensor C,, = D, take

ep:
the from:
D,, = 3KI"! 4+ 2G[1%* —n®n] + —— 26 (n ® n) (2.16)
ep 1+3G/H '
1 1 14+ 3G/H
Cop = 217 4o (190~ n @ ] + o (0 @ ) (2.17)

3K 2G

Despite accurately modelling material behaviour, the J2FT was found to estimate
buckling loads that are considerably higher than ones obtained experimentally in
problems of buckling of inelastic shells. Oppositely, the simpler J2DT produced buckling
estimates in better agreement with experimental values (Batdorf, 1949).

2.4 J, Deformation Theory

The J> deformation theory (J2DT), or total strain theory (Chakrabarty, 2006), was
proposed by (Hencky, 1924) and postulates the existence of a one-to-one a relationship
between total strain and total stress. The resulting simplification in calculations was
important in the 70s-80s and allowed for numerically investigating plasticity problems
including instability e.g. (Gellin, 1979, 1980; Kyriakides & Shaw, 1982), which showed
favourable comparisons with experimental results in buckling, but had the side effect of

neglecting any load history influence in the post-buckling.

The J2DT adopts the additive decomposition of strain, and Hook’s law relates stress and
elastic strain. The model postulates that the deviatoric stress s at any stage of the

deformation fully and uniquely defines the direction and size of the total plastic strain e?,
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which is expressed by.
eP=/.s (218)

The plastic strain e? is assumed to be codirectional with the deviatoric stress s and its
size ||eP|| is determined by the proportionality scalar A, which accounts for the plastic
properties of the material, obtained from a uniaxial stress-strain curve. Parameter 4 is a
function of the equivalent Von Mises stress g and the equivalent plastic strain g4, which

are defined as:

q =35> =+/3/21isl (2.19)

g, =~/2/3Ver -e? =/2/3 ||eP|| (2.20)

This definition of ¢, is similar to the one in J2FT -eq.(2.12)-, except it relates to the total
plastic strain tensor e?, not the history of plastic strain increments é”. Under uniaxial
loading, the two definitions are equivalent, and the behaviour of J2DT is identical to that
of J2FT.

The Von Mises yield function (2.11) is used to calculate the equivalent plastic strain for
a stress state based on the uniaxial material stress-strain curve. The proportionality scalar

A is used to calculate the plastic strain tensor, expressed as:
A=—"T="_ (2.21)

where h = (Es* — E~1)~* is the secant modulus of material curve k(¢,) (Figure 2.1).

As the plastic strain is fully defined by the final stress state, it is independent on the
loading history of the material, and J2DT may be unsuitable for describing the plastic
behaviour of metals experiencing complicated loading histories. A major issue in J2DT
refers to unloading (9F /do;; 6;; < 0): it is followed by a reduction of the equivalent
plastic strain &, and a contraction of the yield surface in the stress space so that (F = 0).
Permanent plastic strain would lead to two stress states (before and after unloading)
having the same plastic strain, violating the fundamental postulate of J2DT: a one-to-one

relation between stress and strain.

This means that in uniaxial loading the J2DT demands unloading to take place
tangentially to the stress-strain curve, following the path BAO in Figure 2.1. Thus, plastic
strain is fully recoverable, which is a characteristic of a nonlinear elasticity model. In

contrast, incremental plasticity accounts for elastic unloading, following path BC, which
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accurately reflects metal material behaviour. In loading scenarios where no unloading
takes place, the J2DT may be used as a plasticity model. Such are proportional load paths,

in which the components of the deviatoric stress s;; increase monotonically, in constant

ratio with respect to each other, e.g. in uniaxial loading. Budianski (1959) argued for the
applicability of J2DT in a range of load paths that show deviations from proportional

loading but satisfy a number of requirements that ensure plastic strain is irreversible.

The rate equations of the J2DT are of interest in buckling problems, as they are proven to
produce accurate instability estimates, while they further form the basis of more elaborate
‘corner’ models, suggested for instability calculations (Christoffersen & Hutchinson,
1979; Peek, 2000; Pappa & Karamanos, 2016), and the non-associative model developed

in the present work.

The rate of plastic strain in J2DT is obtained by differentiating equation (2.18):
3¢ 3/, £,q
o — 254 _(_q_L>
el == 7 S+ AVEEE S
(2.22)

272

H h

31, 3(1 1)q
q

Accounting for definitions (2.19), (2.20), the codirectional deviatoric stress and plastic
strain tensors and for additive strain decomposition -eq.(2.3)-, the following rates are

calculated:
é;,=+/2/3n-¢? (2.23)
Gi=3/2n (2.24)
§=2G(e—¢éP) (2.25)

And when inserted in (2.22), the plastic strain rate can be rewritten in the form:

(I%®** —n®n) é + _ (n ®@n)eé (2.26)

D
¢ 1+ H/3G

~1+h/3G
This shows the similarity to the plastic strain rate in J2FT in eq.(2.15), but also an
additional component, along the component of & which is perpendicular to n,
demonstrating that non-proportional loading leads to higher plastic deformations in J2DT.
Finally, the tangent material moduli of the J2DT are expressed as:

, 26 26G
D., = 3K "' + ———[1%” —n ® n] +

1+3G/h 1736/ @OW (2.27)
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and the compliance tensor:

c 1 Ivol+1+36/h
3K 2G

1+3G/H
[1%¢ —n @ n] + — / (n ® n) (2.28)
The J2DT employs the same moduli with the J2FT for proportional strain rates (é = kn),
while for non-proportional paths ( & # kn ), the effective shear modulus Gg =
G/(1 + 3G /h) is lower. This reduced material stiffness governs the material response in

abrupt changes in the strain path, which may occur at buckling.

As noted by (Christoffersen & Hutchinson, 1979), the prebuckling and bifurcation of
structures can be estimated using J2DT, but the post buckling, and indeed the nonlinear
response of imperfect structures near the critical point involve strongly non-proportional
loading. Under these conditions, the possibility of unloading should not be excluded
which limits the use of J2DT. Addressing bifurcation and consistently investigating the
post-bifurcation response of structures, accounting for the influence of imperfection,
demands more sophisticated material models.

2.5 Corner theories

Early studies of (Batdorf, 1949) and (Sanders, 1954) suggested this challenge could be
addressed with a plastic flow model where the smooth yield surface is discarded, and a
sharp corner develops in the yield surface at the loading point. Batdorf & Budiansky
(1949) developed a sophisticated slip theory based on observations on metal plasticity
mechanisms, which allowed the formation of yield surface corners. Yet, the simplest form
of this theory may still be too complicated for local instability calculations. However, it
was shown that a flow theory with a sharp corner developed at the loading point in the
yield surface could lead to material stiffness similar to the J2DT, for a range of loading
paths, which further supported the use of J2DT in instability analyses.

This was the starting point for several simpler phenomenological ‘corner’ theories which
employed J2DT stiffness for a range of loading paths and introduced modifications to
incorporate a yield surface corner (Figure 2.3) and elastic unloading for stress rates
directed within it, thus overcoming a significant limitation of J2DT. The resulting yield
function, assuming it exists, is not smooth, so it cannot be differentiated. Hence the yield
criterion as described in paragraph 2.2.2 cannot be used to identify whether the material
behaves elastically or plastically for a given stress rate 6. Instead, some measure of non-

proportionality is employed which relates the direction of the stress increment in
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comparison with the geometry of the yield surface corner. This is a key component of
corner and pseudo-corner models, and various candidate measures have been suggested.
Some measures with clear geometric meaning are the angles formed between the axis of
the corner and the stress rate (f8), or the strain rate (6) or even the plastic strain rate (67),

all schematically shown in Figure 2.3.

Figure 2.3: Yield surface with conical vertex; direction of plastic strain rate dependent
on the total strain rate.

Christoffersen & Hutchinson (1979) developed a phenomenological plasticity theory
called J> Corner Theory (J2CT). The elastic domain is initially bounded by a Von Mises
yield surface, but when yielding initiates, at the point of loading a conical vertex develops,
rather than the yield surface expanding, and the axis of the cone is in the direction defined
by tensor n = s/||s||. As the yield surface is not smooth, plastic strain rates in several
directions are possible, depending on the direction of the strain or stress rate. All such
directions are enclosed by the vertex’s forward cone of normals: this is a surface defined
by the normal tensors to the conical yield surface at the point of loading, shown in Figure
2.3. This demand comes from Drucker’s postulate that in stable materials the plastic work

IS non-negative positive (¢ - € > 0)
Without going into detail, the J2CT postulates the existence of a plastic potential 2.y of
the stress rate &, which can be differentiated to obtain the plastic strain rate.

2 (2.29)

epP

After some tensor algebra, the plastic strain rate can be expressed is a format remarkably
similar to the J2DT, as:

1

_ dev __ o
_1+hCH/BG(l n@n)eé+

(n®n)e (2.30)

ép - -
1+ Hey/3G

In place of hardening moduli H, h augmented functions H.y, hqy are defined:
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H
Hew = fOcu) — f'(Bcy) tan(Ocy) /2 (231)
h (2.32)

hew = FOcr) + f'(Ocr) cot(Bcn)/2

They are connected to and angular measure 6.5 and they can be expressed in relation to

direction of the stress rate (angle ) and the material properties as

tanf.y =+ H/h tanf (2.33)

The purpose of 8.y is to define the direction of the stress rate relative to the yield surface
and use it to control the stiffness of the model, through an explicit function f(8.y). Two

types of function f are given in Table 2.4. The main features of this function are:

e f =1 for a range of ‘near’ proportional stress rates (8.5 < 6,), so that the
plastic strain rate and the material stiffness are identical to the J2DT.

e f reduces smoothly for increasing values of 6.4 (relating to increasing non-
proportionality in the loading)

e f = 0 for strain rates directed tangent to or inward the cone vertex. As a result,
moduli H¢y, hey = o0 and no plastic strain is produced, ensuring elastic

unloading is implemented

The stiffness and compliance moduli of the J2CT can be expressed by eq.(2.27), (2.28),
respectively, by substituting the hardening moduli H, h with their modified counterparts
HCHI hCH'

The J2CT was successfully used in problems of shear band development (Christoffersen
& Hutchinson, 1979; Needleman & Tvergaard, 1984). This model was, later, used for
buckling problems and problems of structural instability of cylinders under axial
compression and pressure loads (Tvergaard, 1983a, 1983b; Giezen, 1988; Tvergaard &
Needleman, 2000). It was found to produce good bifurcation load estimates and was used

to investigate the post-buckling of shells.

The formulation of J2CT is mathematically elegant but introduces several complexities
in modelling the material behaviour, which is clear already from the overly simplified
description offered above. A main difficulty in J2CT refers to the calibration of material
parameters that control the corner behaviour. The model’s stiffness is governed by the
angular parameter 8.4 which relates to both the material hardening and the direction of

the stress rate. The difficultly directly controlling 6.5 in an experimental setup creates
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challenges in the calibration of function f, which has not been thoroughly clarified.

Less complicated corner models were developed by Gotoh (1985), Goya & Ito (1991)
who adopted the flow rule of J2DT and elastic unloading within the yield surface vertex,
but eliminated the complications of f(8.y), and directly used the direction of the stress
rate (angle B) to explicitly define the direction 87 of the plastic strain rate and its size.
Similar to the J2CT, the plastic strain rate and the material moduli can be expressed in a
form akin to (2.26) and (2.27), by appropriate defining stress-rate-dependent functions
for the modified hardening moduli H, h. Additionally, Gotoh (1985) introduced a plastic
strain history variable, similar to g, in J2FT, which permitted consideration of materials
with no strain hardening. The model by Goya & Ito (1991) was a generalization of
previously proposed corner models (Christoffersen & Hutchinson, 1979; Gotoh, 1985)
and was extended to account for kinematic hardening (translations of the yield surface).

&8, 7n
J, Flow - Associative
e’ =¢é n
m

: n
p

¢ 7 Pseudo-Corner Theory
S e’ =éPn+¢ém

mn
ép\/’
N,

A Corner Theory

p — 5P N
e’ =e,n+ e, m

n= S é — (né)n
Se M=
lIsll’ lé — (né)n||

Figure 2.4: Yield surface and flow rules for associative plasticity, pseudo-corner and
corner models

Nevertheless, the implementation of the corner models in an implicit finite element
environment (integration and linearization -see Chapter 4-) is non-trivial. Ambiguities in
the loading/unloading conditions arise in the lack of traditional yield criterion.

Incorporating the conical yield surface poses challenges in efficiently monitoring the
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evolution of all corners that form under complex loading histories, where several stress

paths changes occur.

2.6 Pseudo-corner models

A simpler solution is offered in pseudo corner models, which mimic the effect of a yield
surface corner by reducing the stiffness of the material, but employ a smooth Von Mises
yield surface which can be implemented efficiently. A schematic comparison between
these types of models is made in Figure 2.4.

Hughes & Shakib (1986) developed a ‘pseudo-corner’ model, which adopts an associative
flow rule -eq. (2.15)- and a modified hardening modulus H explicitly dependent on the
direction of the strain rate (angle 8 in Figure 2.3). Appropriate definition of A allows for
lower material stiffness and increased plastic flow for non-proportional loading paths
compared to J2FT, having an effect similar to a corner forming in the yield surface.
However, Appendix 2 shows that this model allows for very small increase in plastic
flow, and it is not applicable for materials without strain hardening, while no instance of

its application is identified in the literature.

A key contribution is the model by Simo (1987), who postulated that a defined conical
vertex of semi angle 8. forms in the yield surface, and plastic strain rates may occur in
any direction within this vertex, but not outside it. Simo argued that for any strain rate
directed within this simulated vertex (6 < 6..), plastic strain will be codirectional to the
strain rate, while for strain rates directed outside the vertex, the respective plastic strains
would lie along the cone of the vertex (forming an angle 6. with the yield surface normal

n). This behaviour is demonstrated in Figure 2.5. As a Von Mises yield surface is adopted,

for strain directions tangent and inward the yield surface, no plastic strain is produced.

Figure 2.5: Plastic strain rate depending on the direction of the strain rate in the flow rule
by Simo (1987)
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This flow rule is non-associative, in the sense that the plastic strain rate has a component
perpendicular to the yield surface, in the direction n, and one tangent to the yield surface,

in a direction m, defined by the strain rate. The plastic flow rule is expressed as:

éP =/3/2 é;[n+ & m] (2.34)

The behaviour of the ‘vertex’ is simply implemented using a function §, which is equal
to the tangent of angle 67 formed by the plastic strain rate and the yield surface normal
n, and it takes the form:

S:{tane ) 0<6<6,

tan@, - 6. <0<m/2 (2.35)

An immediate advantage of Simo’s approach is the clear and direct definition of material
behaviour, based on natural arguments, not indirectly through abstract functions as in
corner theories. This may facilitate the identification of the material corner parameter 6.,
though experimental investigations. Additionally, the material behaviour relates to the
direction of the strain rate (angle ), not the stress rate (angle ), and (Kuroda &
Tvergaard, 2001; Yoshida, 2017) argued that this may be more representative as plasticity
Is strain driven. As a result, the vertex effect persists in materials without strain hardening,
for which g = m/2 for all non-proportional strain paths, given the Von Mises yield
function. Indeed, this model is applicable independent of the material hardening rule,
contrary to the J2CT or the model by Hughes & Shakib (1986).

The elastoplastic rigidity of this model was not discussed in the original publication, but

accounting for consistency (F = 0) and after some tensor algebra, it may be expressed

as:
5/tan 6 2G
— vol _ dev __ @
D., = 3KI +26[1 1+H/36][I n®n]+1+H/36(n®n) (2.36)
And it can be rewritten in the form (2.27) with
hsy = Htan /8 + 3G(tan8/6 — 1), Hgy = H (2.37)

Simo’s model predicts material stiffness that is lower than all mentioned “‘corner’ models
that are based on the J2DT: assuming small deviations from proportionality (8 < 6,.), for
Simo’s model eq. (2.37) defines hardening parameter hg,, = H , while in J2DT this
hardening parameter is h =k/e; > dk/de, = H . The difference in stiffness is

particularly pronounced at first yield (¢, = 0), where h — co. This behaviour of Simo’s

model may be interpreted as the yield surface corner being fully formed, instantly at first
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yield. In J2DT stiffness parameter h is the secant modulus of the k(&,) curve, which

reduces gradually.

2.6.1 Pseudo-corner models for buckling

The above types of models were suggested as candidates for investigating material and
structural instability that occurs in the inelastic rage of the material. The corner theories
offered the advantage of a J2DT stiffness, while accounting for unloading within a yield
surface vertex, with a drawback of a difficult implementation and calibration. Pseudo-
corner models offered a more direct implementation and calibration, but the suggested

flow rules have been overly compliant for buckling calculations.

For inelastic instability of shells, plasticity models were proposed sharing the attractive
features of both ‘corner’ and ‘pseudo-corner’ models: the stiffness of J2DT found to lead
to realistic buckling estimates, and the applicability of a smooth yield surface.
Nevertheless, this combination creates a discontinuity in the material behaviour for strain
rates directed tangent to the yield surface (neutral loading): strain rates directed slightly
inwards the yield surface would lead to a purely elastic material response, while ones
directed slightly outwards would lead to elastic-plastic behaviour (Figure 2.6). This
introduces a discontinuity in the material stiffness which is not representative for the
material behaviour and can lead to numerical instability when such loading conditions

occur in simulations. Two methods for addressing this issue are identified below.

Figure 2.6: Discontinuity of plastic production for straining directions tangent to the
yield surface

Peek (2000) developed an “incrementally continuous” deformation theory with unloading
(ICUDT), which addressed this issue by relaxing the yield criterion, so that some amount
of plastic strain can be produced for strain rates directed tangent to and inward the yield
surface. Hence, continuity was established, but as a result, unloading is not elastic. This

model is comparable to a ‘corner’ theory, with a very sharp corner formed in the yield
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surface, but the relaxed yield criterion doesn’t accurately describe the unloading

behaviour of the material and complicates implementation.

In a different approach, Pappa & Karamanos (2016) eliminated the aforementioned
discontinuity, and fully accounted for elastic unloading within the VVon Mises yield
surface. They modified the flow rule of J2DT, so that no plastic strain is produced for
strain directions tangent to the yield surface. This effect was implemented by introducing
a new measure Eg, which is equal to the material secant modulus Eg for a wide range of
direction angles, effectively mimicking the behaviour of J2DT, and it increases for higher
levels of non-proportionality (higher angles 8) up to E for strain directions tangent to the
yield surface, thus inhibiting production of plastic strain for such strain directions.

Function Es is defined as:
E; = Eg[1 — x(8)] + Ex(6) (2.38)

where x(0) = sin™ 8,n = 250 — 300, so that the model follows the rate form of J2DT
for angles 6 < 6. = 75° (approximately) and is transitions to zero plastic production at

6 = 90°. The plastic strain rate was expressed as:

p_3(L_1),,34(1 1 (2,39
=—|=—=|S$+=—|=——=|s :
2\E E;)° " 2q\E; E

which closely resembles eq.(2.22)b, accounting for the definitions of H, h. This model
was considered a starting point for the present research due to its simplicity and
comprehensiveness, incorporating elastic unloading and producing good buckling
estimates. However, its numerical integration and linearization (see Chapter 4) are not
trivial, and the originally suggested scheme did not fully account for the influence of
angle @ in its implementation. This adversely affected the convergence of the FE model
simulations, when it was examined in preliminary stages of the present research.
Additionally, using function x(8) to zero plastic strains for loading directions tangent to
the yield surface may be effective, but other approaches may equally be adopted, more
aligned with the definitions of hardening moduli in ‘corner’ theories, or the more

geometric approach by Simo.

Incorporating such models motivates the development of a framework to systematically
address non-associative and pseudo-corner behaviours. This is the aim for the
development of the J» non-associative (J2NA) model, and care is taken to fully account
for the influence of the strain rate direction angle 8, throughout the development.

Focusing on simplicity and direct applicability in FE simulations, a specific behaviour is
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considered, to allow for efficiently investigating the structural response of inelastic shells
under compressive loads, accurately tracing their equilibrium paths and consistently

assessing stability.

2.7 J2 non-associative model

A framework is presented for developing non-associative metal plasticity models,
employing a smooth VVon Mises yield surface. Modifying the rate form of the J2DT and
introducing a non-associative hardening function h dependent on the loading history and
the direction of the strain rate, different amounts of allowable non-associative plastic
straining can be implemented, resulting in stiffer or more compliant material behaviour,

without negating the requirement of elastic unloading.

For simulating the structural behaviour and instability of thick-walled metal shells, a two
branched definition is proposed for the function h, so that the model can reliably trace the
equilibrium path of compressed shells and consistently estimate bifurcation. The rate
form of the J2DT is employed for small deviations from proportional loading (Peek, 2000;
Pappa & Karamanos, 2016), to capitalize on the good bifurcation predictions of this
model, which are in agreement with available experimental data. In addition, a branch
following the approach by (Simo, 1987) is used to moderate the non-associative straining
for more pronounced deviations from proportional loading. It is chosen due to its
simplicity and geometric interpretation, that mimics the development of a yield surface
vertex, and because it allows for fully elastic unloading for straining directions tangent to
the yield surface.

Preliminary calculations indicated that the direct use of either the J2DT or Simo’s model
individually may not result in both: (a) estimating instability and (b) tracing post-buckling
behaviour of thick-walled cylinders, an issue to be extensively discussed in paragraph
4.1. By combining both models, as presented in the following, their desirable attributes

are endowed into the J> non-associative (J2NA) model.

2.7.1 Model description - rate form
In the framework of incremental small-strain metal plasticity, the rate of stress & is related

to the elastic strain rate €€ as:
6 = D& = D(¢ — éP) = D€ — DéP (2.40)

where D is the fourth-order elastic stiffness tensor, € is the rate of total strain, and é? is
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the (deviatoric) plastic strain rate, which for J2DT takes the following form - see eq.
(2.22) & (Chakrabarty; 2006) -:

&r =%%s+%(%—?—f)s (2.41)
where s = I1%¢Y¢ is the deviatoric part of the stress tensor, gq Is the (accumulated)
equivalent plastic strain, g = m [Is|] is the equivalent VVon Mises stress, with ||s|| =
/s - s being the norm of s, and their rates, indicated by a superimposed dot: s, &g and gq.

By further enforcing consistency with a Von Mises yield surface in (2.41), which implies
(¢4 = q/H), the flow rule of the J2DT as presented by (Goya & Ito, 1991; Pappa &

Karamanos, 2016) can be obtained.

Considering these definitions, one may readily show that ¢ = \/3/2 s -s/||s||, and s =
2G (e — éP) with é = I19¢V¢, Inserting those in (2.41) and rearranging, the plastic strain

rate can be expressed as:

. _ [19¢? — n @ n]é
el =/3/2n+ 1T h/3C (2.42)

where n = s/||s]| is the unit tensor in the direction of s and h = q/¢, is anon-associative
hardening function representing the secant modulus of the stress-plastic strain curve. The
plastic strain rate comprises two components: one in the direction of the tensor n and one
in the direction [19¢” — n ® n]é, which is perpendicular to n, in the direction defined by
the strain rate. This consideration is employed in the previous paragraphs to develop a
uniform expression for the rigidity tensor of the referenced models.

The present model adopts this form of plastic strain rate €, but replaces h with a different

explicitly chosen function h:

. _ [19¢V —n @ n]é
p=_/ - 2.43
e 3/2émn+ 1+ /3G (2.43)

The function h is a non-associative-hardening parameter, whose definition is discussed

in paragraph 2.7.2, that moderates the amount of plastic straining perpendicular to n. In
(2.43), the rate of equivalent plastic strain is defined as £, = /2/3 n - €P, a definition

also adopted by Simo (1987), which is equivalent to its counterpart in J2FT (&, =
\/2/3+/éP - éP) for proportional loading. The flow rule (2.43) can be rewritten in the

following, more convenient, geometric form, which is similar to the one used by Simo
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(1987) and is used more extensively in the numerical integration of the model, described
in Chapter 3:

||&]| sin &

éP =./3/2é,n+——m
/2¢q 1+ h/3G

(2.44)

In (2.44), 6 is the angle defined by the strain rate € and the tensor n, shown in Figure 2.7,

analytically expressed as:

p_te (2.45)
CosU =— .
llé]l

and m is the unit deviatoric tensor perpendicular to n, in the direction of the strain rate

(1% -nQ®n)e  (IA*-nQ@n)e

= = 2.46
TEa® —n@mell - Neéllsing (2.46)
lléllcosfn 6P .
e e
J3724,
Tangent
Hyperplane

||&|| sin &
1+ h/3G
Von Mises

yield surface
F(o,e,) =0

Figure 2.7: Schematic representation of the yield surface in the deviatoric plane, the
normal tensor n, the tangential tensor m in the direction of the strain rate é and the plastic
strain rate P, with components in both directions normal and tangent to the yield surface.

Yielding is defined with respect to a Von Mises yield function with nonlinear isotropic

hardening:

J273 Isll_v2/3k(e) _ (2.47)
2G

F(o, Sq) = 7[‘7 - k(gq)] =26

where k(&) is the material yield stress in uniaxial tension, that defines the size of the
yield surface as a function of the (accumulated) equivalent plastic strain £,. The above

expression for the VVon Mises yield criterion is chosen because it scales down the yield
surface to the deviatoric strain space, so that all the strain components, the shape of the
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yield surface and their relative size and geometry can be presented in the same graph (e.g.
Figures 2.7, 3.1, 3.2). Hence, tensors n, m are the unit tensors normal and tangent to the
Von Mises yield surface respectively, and (2.43) demonstrates the non-associative nature

of the present model, with the increased plastic flow moderated by h.

Enforcing consistency (F = 0), and using (2.4) and (2.43), the equivalent plastic strain

rate is expressed similarly with the J2FT:

: 1 :

&q = w¢2/3m(n- E) (248)
where H = dk/de, is the material isotropic hardening modulus. Ultimately, accounting
for consistency (F = 0), the plastic strain rate is expressed as:

Ide”—n®n+ n®n
1+h/3G 1+H/3G

ép = é (2.49)

Using equations (2.4), (2.43) and (2.48), the instantaneous rigidity tensor (continuum
tangent moduli) for this material model is readily calculated as

dev_( 2626
1+3G/h 1+H/3G 1+ h/3G

D, = 3K I + ) (n®n) (2.50)

or

2G

D, = 3K I"! +
P 1+3G/H

[19¢¥ —n @ n] + (n®n) (2.51)

1+3G/h

It may be rewritten equivalently as in (2.52), a more familiar form, akin to the rigidity
tensor of the J2FT. However, it employs a reduced shear modulus G, combined with an
increased hardening modulus H, which are dependent on the non-associative hardening
parameter h and account for the straining-direction-dependency, characteristic of the
model. As a result, the elastic-plastic instantaneous moduli of non-associative model are
less stiff than the corresponding moduli of the J2FT, ultimately leading to a more

compliant material behaviour under non-proportional strain paths.

Dep = 3K IUOI + Zé(ldev —n ® Il) +m (Il ® n)
i (2.52)
= 3K I"°! 4+ 2G1%¢Y — 2 (n ® n)
1+ H/3G

where
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_ G
C=1¥3e/m (259
A= — (2.54)
1/H—1/h
Finally, the material compliance tensor C,,, = D;z} can be readily calculated as:
vol Idev
Cep = TRt +ﬁ(n®n) (2.55)

2.7.2 Definition of the function h
The choice of h is of key importance in this model, leading to stiffer or more compliant
material behaviour. Table 2.2 shows that the appropriate selection of h, allows the model

to mimic different material models available in the literature.

To incorporate elastic unloading together with the selected non-associative flow rule,
continuity of the production of plastic strain must be ensured, as noted by Peek (2000)
and Pappa & Karamanos (2016). Without this provision, strain rates directed slightly
inwards the yield surface would lead to elastic response, while ones directed slightly
outwards would cause for elastoplastic straining, thus introducing an artificial numerical
instability when such loading occurs (Figure 2.6). This implies that no plastic strain may
be produced for strain rates directed tangent to the yield surface (6 — m/2), which created

demand (2.56) for function h in J2NA:

. .p . — . T
lim _|leP|l/llell =0 = lim_h — 4oo (2.56)

6-(3) 9-12
Therefore, h must depend on the direction of the strain rate (8), which implies that the
rigidity tensor (2.50) at a material point is not fully defined by its loading history, but the
strain rate direction must also be known. This is a manifestation of the nonlinear

dependence of the stress rate on the strain rate, characteristic in all mentioned corner and

pseudo-corner models.
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Table 2.1: Summary of the non-associative model

(1) Linear isotropic stress/strain relations
s = 2G[e — eP]
tro=3Ktre

(2) Yield condition

F(o,6) = o |ls ~ 273 k(e,)
g, =/2/3n-¢é?

n=s/|s||
(3) Flow rule
|&]| sin@
1+h/3G m
B (1¢* —n @ n)e
T n @ el
cosf =n-eé/|é|
cosOP =n - éP/||éP||
h=k(gg)/2
1 branch: h =h & 6P(h) <6,
2" pranch: 6P =6, > h(6,) > h
(4) Kuhn-Tucker loading/unloading conditions
€20, F(0,65) <0, ¢£;F(0,64)=0
(5) Plastic consistency in loading (¢, > 0)

. _ a1 .
&g = 2/3m(ne)

e =/3/2¢,n+

The present model (J2NA) adopts a two-branch definition for the non-associative
hardening parameter h. For small deviations from proportional loading, h = h =
k(e,)/€q, and the model’s flow rule coincides with the flow of the J2DT, aspiring to
inherit its superiority in estimating bifurcation. A second branch is necessary to comply
with the limitations imposed by elastic unloading, so for larger deviations from
proportional loading, up to loading tangent to the yield surface, the model is chosen to
follow the flow proposed by Simo (1987). This branch mimics the effect of a conical yield
surface vertex of semi-angle 6. in the direction of the stress deviator: it constrains the
plastic strain rate to lie within the forward cone of normals of the vertex, as shown in
Figure 2.9. This is interpreted as (67 < 6.), where 87 is the angle formed by the yield
surface normal and the plastic strain rate (Figure 2.7), analytically expressed as:

n-eP
|leP]|

cos BP = (2.57)

From (2.43) and (2.57), it is deduced that 67 is a decreasing function of h, which allows

for the two branches of the model to be reduced to the following definition.
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{h=h=k(e)/e;, sothat 67 <86} (2.58)

A summary of the model is given in Table 2.1. In the rate form of the model, the definition
of h in equation (2.58), can be equivalently expressed in the form presented in Table 2.2,
which demonstrates its compliance with requirement for continuity of plastic production
(2.56). This definition of h is computationally attractive, as it simplifies the
implementation of the model in a finite element environment, and it is calibrated using a
single scalar parameter. It further provides versatility in the range of behaviours that the

model can represent, leading to stiffer or more compliant material responses.

Determining the value of parameter 6, is a challenge, similar to ‘corner’ theories. This
may be achieved conducting experiments that involve non-proportional loading, as the
ones described by (Renning et al., 2010; Yoshida & Tsuchimoto, 2018). In those
experiments, axial deformation is applied to a tubular specimen beyond the yield point,
e.g. up to strain 1%, followed by combined increments of axial strain (4¢) and twist
increments (4y), producing a non-proportional strain path. This path forms an angle ¥
with the preloading path, which is calculated as i = atan(v34t/4c), where 4g, At are
calculated from the measured axial force and torque load increments. From the strain and
load increments and using eq.(2.49), the values for H, h are estimated (Figure 2.9). In a
preliminary approach, the model’s angle parameter can be approximated as 6, =
atan (H/htant). It is noted that pure twisting () = 90°) may be inappropriate for
calibrating 6., as the very small size of the resulting plastic strain increments may

disallow reliably estimating their direction.

In an analogous manner, the parameter 6, can also be calculated from biaxial experiments
on cruciform specimens (Kuwabara, et al., 2000; Kuwabara, 2007), in which, after a
proportional preloading stage, non-proportionality is induced in the second loading stage

by applying different strain increments in the two directions.

(a)

Corner (b) Pseudo-corner
model

Theory

Forward cone

Conical Y.S. of normals
vertex

Figure 2.8: (a) Yield surface corner models and (b) Pseudo-corner model
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Figure 2.9: Model calibration under non-proportional loading (¥ = 67.5°)

Table 2.2: Expressing different models* from the literature using parameter h

Jo Flow — Associative model ~ h — 4+
J, Deformation Theory h=h=k(e,)/e,
Pappa & Karamanos (2016)  h = [E sin™ 6 + h]/[1 — sin™ 6]
Simo (1987) h=Hc+3G(c—1), c=tan8/5(0),
5(0) = tan(max(6, 6,))
Present model h= max{ k(2q)/2q }, c=tanf /tan6,
Hc+3G(c—1)

*
rate form

2.7.3 Plastic production, comparisons with literature
A qualitative comparison between various corner and pseudo-corner models can be made
using the plastic production w* (8, g,) and the plastic angle 67 (6, ¢;) associated with
each model. The first, introduced by Hughes & Shakib (1986), expresses the amount of
plastic strain produced by a strain rate & depending on its direction (angle ). It is defined
as:

voey =

é|l (2.59)
1+ H/3G

The plastic angle 67 is an additional measure for describing the behaviour of a model,

stemming from the non-associative nature of the majority of the considered flow rules. It
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expresses the angle the plastic strain rate é” forms with the deviatoric stress s, defined in
(2.57) depending on the direction 6 of the (total) strain rate €. Analytical expressions for

these measures, are provided in Table 2.4, for several flow rules in the literature.

The behaviour of each model is influenced by the loading history of the material;
therefore, for the following comparison, a specific material point is considered, loaded
well into the inelastic range to its current stress state. The material stress-strain behaviour
is assumed to follow a Ramberg-Osgood (R-O) curve -eq.(2.60)- whose parameters are
provided in Table 2.3, together with material properties and state variables of the point
under consideration.

e=2 [1 + E(f)n_l] (2.60)

E 7\0

Table 2.3: Material properties and state
variables at considered loading state

Young’s Modulus E =194 GPa
Poisson’s Ratio v =03

R-O stress parameter o =572MPa
R-O exponent n =108

Equivalent plastic strain ¢, = 1.6%
Hardening modulus H/E = 2%
Angle parameter” 0, = /4
*Applicable for the models by Simo (1987), Hughes
& Shakib (1986) and the J2NA

In Figures 2.10, 2.11 the plastic production and plastic angles are plotted with respect to
the angle @ for the J2NA and several other models from the literature 2. For proportional
loading (6 = 0), all models predict the same plastic production as the J2FT, since all
models must be able to replicate identically a proportional loading experiment, e.g. a
uniaxial test. As non-proportionality increases, plastic production in all models is higher
than the one predicted by the J2FT, corresponding to more compliant responses. All
models that account for fully elastic unloading produce zero plastic strain for strain rates
directed tangent to their respective yield surfaces. Those directions correspond to 6 =
7t /2 for the models employing a VVon Mises yield surface, and to 6 = © — 6, -,y for the

models which incorporate a yield surface vertex, such as the J2 corner theory 3.

2 For the J, corner theory two curves are plotted, each one representing a family of flow rules proposed by
Christoffersen & Hutchinson (1979)

3 The value of 8, ¢,y is given in Table 2.4
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The J2 corner theory, the models by Peek (2000) and Pappa & Karamanos (2016) and the
J2NA, all exhibit a response similar with the J2DT for a certain range of strain rate
directions (6). Each of them employs a dedicated branch with the purpose of gradually
suppressing plastic production for strain rate directions that approach the tangent to the
yield surface. This is a key feature that differentiates each model with respect to the
others. All models incorporate a maximum allowable angle 87 which the plastic strain
rate may not exceed, but its value and the range of strain-rate directions 6 for which this

angle is activated vary for each model.

Figure 2.12 shows that, at first yield the J2DT has an essentially associative behaviour,
allowing for plastic straining only in the direction of the deviatoric stress. Progressively,
as plastic deformation accumulates, increasing amounts of non-associative plastic strain
are produced for a given angle 8, meaning that both plastic production and plastic angle
increase. For large values of accumulated plastic strain &, this behaviour becomes similar
to the first branch of the model proposed by Simo (1987). This gradually more compliant
behaviour of the J2DT leads to lower bifurcation estimates for thick-walled shells and
explains its use in several constitutive models aiming at inheriting its capability for

providing reliable buckling predictions.
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J, Def. Theory (J2DT) |
J2 Corner Theory

Peek (ICUDT)
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Hughes & Shakib
0.2 Pappa & Karamanos

Present Model (J2NA)
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Figure 2.10: Plastic production ratio (w*) with respect to the direction of the strain rate

(angle 6)
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Figure 2.11: Direction of plastic strain rate (angle 67) with respect to the direction of the
total strain rate (angle 6)

J2NA (0 =/4)

60
P 90 00001

Figure 2.12: (a) Evolution of plastic production with increasing plastic deformation, (b)
Evolution of angle 87, with increasing plastic deformation
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Table 2.4: Plastic production and plastic angle for different models

Plastic Production Plastic Angle Details
w*(6,¢,) tan 67 (6, ¢;)
J2 F!ov_v theory 00 0
(associative model)
Hughes and Shakib B T (0-6.)
(1987) cosy 0 ¥ = max {0’ 2 (t/2-6,)

Simo (1987) cos 01 + 82 5(6) 5(6) = tan(min{6, 6,.})
Jz2 Deform. Theory Jood? — ctand c=[1+H/3G]/[1+ h/3G]
(Total Strain Theory) V€0s” 0 +c®sin®0 H = dk/de,, h=k/e,

Pappa & Karamanos c=[1+H/3G]/ [1+ hpng/3G]

2 2 gin2
(2016) Jcos? 6 + c?sin? 6 ctan® hpo = [E sin™ 0 + h]/[1 — sin® 6]
c=[14+H/3G]/[1+ h/3G]
2 2 ginZ
Peek (2000) \/cos Y + c?sin‘ 0 ctany ¥ = min(6,7/2)
J2 Corner Theory \/COSZ 0 + c%sin2 @0 ctané c= [1 + HCH/3G] / [1 + hCH/3G]
with
Family 1. , 1 . [0:6,) Hey = H/[f — f'tan 8%H]
f = jcos lg, 0" € {Zo’ 96% hey = h/[f + f' cot 6]
¢’ T h
Y =n/2[0% - 6,)/(n/2~86,)] tan 8" = \H/h = ctan@
CH
Family 2 . CHY — CH cay11t
Y2 £(0°) = [g(¢“I1 + U] tan, = — /=2
with qé — g5

g = { _ _% $CH € [0 8y) where gy is the yield stress of the material

1—-9¢m* [00’ 6] and g, is the current mises stress of the

¢ = (9" —00)/(0; —6p),m=2 material and 8, < 6, — /2 is the angle

1) =g'/(29) cutoff, following which the model ceases
to follow the flow rule of J2DT

J2 Non-Associative
Model (J2NA)

ctan 9} c=[1+H/3G]/[1+h/3G]

2 2 cin2 min{ —
Jcos? 6 + c?sin” 6 tan 6, h < hsothat6” <4,
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3 NUMERICAL
IMPLEMENTATION

Towards the implementation of the presented special-purpose plasticity model (J2NA) in
a finite element environment, a stress update algorithm (or integration scheme) is
developed, accounting for the particular features of the non-associative flow. A geometric
approach, similar to the one developed by Simo (1987), is adopted for the integration of
the governing equations, while key modifications are introduced, intended to account for
nonlinear material hardening, and for the dependence on the direction of the strain
increment that J2NA exhibits. Appropriate mathematical manipulations reduce the
integration of the model to the solution of a single manageable equation of a scalar
unknown, irrespective of the material hardening rule, as in the case of J2FT. The resulting
solution scheme is less complicated and more versatile compared to earlier approaches
(Simo, 1987; Ranning et al., 2010; Pappa & Karamanos, 2016), while it fully accounts
for the influence of the strain rate direction and for non-linear hardening, both in the
integration and in the linearization scheme. The constitutive integration scheme is
developed for brick elements and an extension for shell element analysis is included. The

generalization to implement other benchmark models from the literature is discussed.

3.1 Backward-Euler stress update algorithm
For any material integration point at pseudo-time t, the stress @, and strain g, are

known, as well as the equivalent plastic strain &, ,, (internal variable). At pseudo-time

the1 = tp, + At, a strain increment A = €,,, — €, leads to changes in the material
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stress state 6,,,, and internal variable &4,4, which are calculated by integrating the

plasticity constitutive model in the pseudo-time increment At.

An elastic predictor—plastic corrector scheme (Simo & Taylor, 1986) is adopted: an
elastic-predictor step, leading to a stress state outside the yield surface, is followed by a
plastic-corrector step, which enforces consistency and returns the stress to the updated

yield surface. The elastic predictor o assumes a purely elastic trial stress and is split as

follows:
o =0, + DAdg = —p°l + s° (3.1)
where
pe=—1/3(-6°) =p, — K(I- Ag) (3.2)
s¢ =19¢Vg® = s, + 2GAe (3.3)

Furthermore, Ae = 19¢VAg is the deviatoric part of the strain increment, p,, and s,, are
respectively the hydrostatic pressure and the deviatoric stress at the beginning of the

increment (o, = s, — p,D).

The Von Mises stress at the beginning of the strain increment (q,,) and at the elastic

predictor state (q€) are respectively defined as:

qn=V3/2\/Sn'Sn=V3/2 II'syl (3.4)

and

¢° = \[3/2s7 5% = [3/2|s°] (3.5)

If the trial stress violates the yield condition, elastic-plastic straining is accounted for, and

the new stress state is calculated by including the plastic correction phase
0,41 =0, + D (de — AeP) = 6° — 2GA€P (3.6)
The final stress o,,,, at pseudo-time t,,,4 is split into hydrostatic and deviatoric parts

On+1 = ~Pns1l + Spiq (3-7)

where p,,,1 is the hydrostatic pressure and s,, ., ; is the deviatoric stress defined as:
1
Pn+1 = _§(I *Opy1) = P° (3.8)
Spe1 = 190, , = s® — 2GAeP (3.9)
Enforcing the consistency condition (2.47) at the end of the increment (¢,,4):
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VSnt1 - Snit ~ V2/3k(egpm + Aey)
2G 2G

F(0n41,4g,) =
(3.10)

Qn+1_kn+1
=,2/3——=0
/ 2G

where Ag, is the equivalent plastic strain increment. The corresponding plastic strain

increment Ae? is calculated using a backward-Euler integration of equation (2.43):

[|[Ae|| sin @

AeP =,/3/24e, 1y + ————————m
/ q ¥n+1 1+hn+1/3G n+1

(3.11)

where the index n + 1 was dropped for the direction angle 6 = 6,,., for simplicity. The
unit deviatoric tensor normal to the yield surface and the one tangential to it, in the
direction of the strain increment, at the beginning and at the end of the increment (see
Figure 3.1) are respectively defined as:

no=_n_ m. = 1~ @ nyl de (3.12)
" Isall’ " ll[14e” — n, @ n,] de ||
Sn+1 [Idev —Npyq X nn+1] Ae
n,,, =———, m,., , = (3.13)
" lIspaall TN — 0y @ Mpyq] de |

while the unknown tensors n,,,;, m,,; can be expressed in terms of n,,, m,, using the

following geometric relation identified by Simo (1987):
n,,; = cos{n,+sin{m, (3.14)
m,,; = —sin{n, + cos{m, (3.15)

In the above expression, the angle ¢ is represented geometrically in Figure 3.1, together
with angles ¢*, (¢, 8, 6,,, 6¢, 6P, that are formed by the key tensors and are involved in

subsequent operations. Furthermore, geometry dictates:

(=g ¢ (3.16)
0=0,,,=0°+0" =6, (3.17)
where
S, - s°¢ de - s°
cos(® = ——, cosf = —— 3.18
= el T2elllsel] (3.18)

Multiplying (3.9) by n,,,; and m,, 4, the following relations are obtained:

q°cos{* = qniq1 + 3GAg, (3.19)
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3G||Ae]| sin 6
1+ hp4e/3G

q°sin{* =4/2/3

Equations (3.10), (3.17), (3.19), (3.20) constitute a system of 4 equations with 5

(3.20)

unknowns: g1, 4¢4, ¢, 8, and h,+1. The extra equation necessary for the solution is
the definition of h, which is different in each branch of the J2NA model. The solution
procedure for the system is described in the next paragraphs for each branch. The
implementation of the above formulation for an explicitly chosen function E(sq,e),
which may mimic the behaviour of various models in the literature, is further considered
in Appendix 1. An enhancement of this solution procedure for implementation in shell

elements is presented in paragraph 3.3.

Figure 3.1: Geometric representation of the return mapping of a non-associative model

It should be noted that, at the beginning of the integration algorithm (t = t,,) the value
of 87 is unknown, and either branch of the model may be activated. In the proposed
implementation, the first branch is assumed to be activated, and the respective plastic
corrector is calculated. If the calculated plastic strain angle 87 is smaller than the angle

6., the assumption was correct, and the integration procedure is complete. If not, the
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solution is discarded, and the integration scheme of the second branch is used. A summary

of this integration procedure is given in Table 3.1.

3.1.1 First branch of the model
In the first branch of the model, the parameter h = E(Asq), independent of angle 8, is

defined as:
}_ln+1 = kn+1/5q|n+1 (3.21)

Thus, equation (3.20) together with (3.21) can be used to express {*(4¢,) as a function

of the equivalent plastic strain Ae,, as follows:

sin ¢
tan{* — =0

sl [1+ ntll — cos B¢
2G||de]|

(3.22)

Treating A¢e, as the only primary unknown, equations (3.10) and (3.21) can be used to
eliminate q,.,,, ¢* from (3.20) resulting in a single scalar equation (3.23) of the

equivalent plastic strain increment F,; (4, ) = 0, as in the case of J2FT.

2

sin 6° q° ’
F,1(A¢ -
pl( q) Isell hn+1] — cos ¢ [kn+1 + BGASql (3.23)
ZGIIAGII 3G

The above equation (3.23) can be solved using a local Newton scheme and all necessary

derivatives are provided in Appendix 1. When 4g, is found, equations (3.21), (3.22),
(3.16), (3.14) and (3.15) give respectively h,,.4, (¥, {, n,,¢, and m,,, ;, and the plastic

corrector is readily computed from (3.11). Next, it is checked whether the result of this

branch satisfies the flow rule restriction 67, < 6., and the solution proceeds accordingly.

3.1.2 Second branch of the model

In cases where the first branch of the model leads to plastic strain increment angle 6},
greater than the semi-angle 6, of the simulated vertex (6., > 6.), the second branch is
activated. In this case, the plastic strain increment is constrained to form an angle 67 =

6. with the deviatoric stress in the converged state, so that:

tan@? = —=1 —_ — tang (3.24)
c
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Using (3.11), the above equation can be rewritten as

||Ae|| sin 6
— % = =/3/2 g, tan b, (3.25)
1+l

Substituting (3.25) into equation (3.20), the angle 6 is eliminated and an explicit

expression is found for {*(4e,):

V3/24¢,tan 6, 3GAg, tan b,

- (3.26)
lIs¢ll/2G q°

sin{* =

Equation (3.26) may be used to eliminate ¢* from (3.19), resulting in a scalar equation of

the equivalent plastic strain increment Ae,:

2

sz(Aeq) = [Aeq + Ml [Aeq tan 6 ] <g;) =0 (3.27)

which can be solved numerically. When the equivalent plastic strain increments 4e, is
calculated, equations (3.26), (3.16), (3.17), (3.14), (3.15) are used to calculate ¢*, {,
6,n,.,, m,_, respectively, and ultimately the plastic strain increment Ae? and the new
stress state o,,,, are calculated using (3.11) and (3.6). Notably, in the presence of linear
hardening, equation (3.27) reduces to a second-order polynomial of Ae,, which has a
single positive solution given by (3.28), which coincides with the analytical solution

obtained by Simo (1987), given below:

q° 1 \/1+a2(1—r2)—r

Aeg = §1 i 1+ a2 (3.28)
36
with
_ tanf, 3.29
1+H/3G (3.29)
kn
r=e <1.0 (3.30)

In Figure 3.2 a qualitative comparison is made for the integration process using the
classical J2FT and the J2NA model. For a given stress state s,, and non-proportional
strain increment Ae, when employing the J2FT the converged state corresponds to a
greater rotation of the stress deviator and a larger expansion of the yield surface than
when using the J2NA, which denote the comparatively less stiff behaviour of J2NA.
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Present Model
(J2NA)

], flow
(J2FT)

o < 6,

||ae]| sin 6

Ae? = /3/2Aeqgny Ae? = /3/24egmy,q + 736 Mt
Figure 3.2: Comparison of the return mapping in J2FT and J2NA

Remark: In equation (3.25), the parameter h(8,¢,, [|del|) is defined for the second
branch of the model, by demanding 8” = 6. This is not interchangeable with the form
E(G, sq) given in Table 2.2, which refers only to infinitesimal strain increments (rate

form), obtained by further demanding ||4de|| - 07.

Nevertheless, it is possible to develop models which employ an explicit expression for
the function E(H, eq), as in the case of by Pappa & Karamanos (2016). In these models
the integration algorithm cannot be reduced to a single equation as above, in the general
case. Instead, the system of equations (3.14), (3.15), (3.16), (3.17), (3.26) needs to be
solved. However, using (3.10), (3.17), the unknowns g,,;; and 6 can be eliminated from
(3.19) and (3.20) resulting in a system of two equations with two unknowns (4e, and ¢*)

to be solved numerically:
F,(4eq,¢*) = q° cos{* — [kyyq +3GAg,| =0 (3.31)

3G||de]| sin(6° +¢*) _

- 3.32
1+ hyeq/36 (3:32)

Lyr(4e4,¢*) = q°sin{* —/2/3

with

hn1 = h(4egy, 0 = 0° + () (3.33)
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Table 3.1: Integration algorithm for three-dimensional element analysis

1. Compute trial elastic stress (elastic prediction)
6°=0,+DAe , s®=1%¢®, p®=-1/3(1-0°)
. 1
¢ =372l kn=k(eqn)  FENE = oz [llsCll =273k
2. IFFA < 0 THEN
Ae? =0 ,  Aeg=0
ELSE (Fihit > 0)

Sn [Idev — Ny X nn] de
n, = ’ my, = dev
llsx |l I[19¢¥ — n,, @ my,] e ||
0 n, - de 5e de - s° ce S, - s°
cosf, = ——, cosf® = ——, cos(é = ——
" el llelllsell lIs.Illsell
(2a) Assume 1% branch is activated
To calculate Ag, solve:
q° ’
Fy(de;) =1+tan?{* — |———————
pi(deq) = 1+tan*s [kn+1 + BGAsq]
with
sin9¢
¢"(leq) = tan ™\ e TR
n — e
2G([Ze]] [1 +36 ] cos 6
Compute:
hns1 = hnyr 6=0°+¢"
[|Ae]| sin 8
V3/24¢,
(2b) If 6P > 6, : the second branch is activated
To calculate Ag, solve:
2 2
k Ae €
sz(qu) = [qu + %} + [qu tan 96]2 — <;Z_G> =0

Compute:

3GA¢g, tan b,
—] 0 =6°+7", 0P =6,

¢*(deg) =sin™ [ q°

_ ||de|| sin @
V3/2Ag tan b,

(2¢) Calculate the plastic strain increment
(=00
n,,; = cos{n,+sin{m,, m,. ., =—sin{n, +cos{m,
[|[Ae]| sin 6
AeP =,/3/20¢, 1 + ————m
/ q Y'n+1 1+ hn+1/3G n+1
3. Update stress tensor and state variables

6,,1 = 0% —2GAeP
Eqin+1 = Eqin T A&
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3.2 Consistent algorithmic moduli

To preserve Newton’s quadratic rate of convergence in finite element codes, material
stiffness operators that are consistent with the developed integration scheme must be
implemented for the constitutive models. In this paragraph, the basis for obtaining the
consistent algorithmic moduli is presented for the chosen radial return integration scheme,
based on the procedure proposed by (Simo & Taylor, 1985), enhanced to account for the
particular characteristics of models incorporating strain angle dependent behaviours.

The consistent (algorithmic) material stiffness moduli, are computed from the following

fundamental equation:

007,41

DS, = (3.34)

68n+1

In the context of pressure-independent metal plasticity, it is convenient to isolate the

volumetric and the deviatoric part of stress and strain and treat them separately:

Jas
DS, = 3K 10! + —= (3.35)
aen+1

The fourth-order tensor ds,,,1/0€, .4 IS obtained for each model branch, by expressing
the differential of the stress deviator as a function of the differential of the strain

increment:

Jas
ds,,, = T"“dz\e (3.36)
n+1

The stress deviator at the converged state is expressed as follows:

Sn+1 = Sn+1(A£q; {*)Ae) = 2/3 kn+1nn+1

(3.37)
= V2/3 kns1l[cos((® — ) ny, + sin(¢® — {*) my, |
Therefore, differentiating using the chain rule, one obtains:
dspiq = Sn+1,A£qu5q + Sn+1,{*d{* + Sn+1,AedAe (3.38)

where a comma followed by a variable implies partial derivative with respect to that

variable, e.g., Sn+14e, = 0sy4+1/04¢,. Variables Ae, and {* are expressed differently

for each model branch, but in all cases are calculated for a given strain increment (4de)

by solving the system of equations F;, F,:

F,(4e,, ¢, 4e) =0 (3.39)

66 Apostolos Nasikas - July 2022



Chapter 3: Numerical implementation

F,(4e,, 0", 4e) = 0 (3.40)

The functions F;, F, are given in Table 3.2 for the two branches of the model. The
dependence of the internal variables dAe,, d{* in (3.38) on the strain increment in the

converged state can be found by linearizing functions F;and F,, as follows.

ar = o @41

This is equivalent to

F F

lFlj F:Z “dqu 22:] dse = [(] (3.42)
so that

df{i] [A;q;el dde (3.43)
where

quml :_lqu FL{] [Fue (3.44)

" se Fone, Fagr FMe

Expressions for all the above derivatives are provided in Appendix 1. Ultimately,

equation (3.38) may be rewritten as:

dspi1 = [Sn+1,Asq Q Aegpe + Sn+1,¢* b2 (*,Ae + Sn+1,Ae] dde (3.45)

and therefore

0Sn+1

9 = Sn+1,Asq ® qu,Ae + Sn+1,¢* ® {*,Ae + Snt14e (346)
€n+1

The tensor ds,,,,/0de,.;may be expressed in terms of n,,, ;, m,, ., as follows:

Jas
——ntl _ pdevydev 4 pnn (M1 ®Npyq) + D" (M @ Myyyq)
0e,iq (3.47)

+Dmn (mn+1 ® rln+1) + Dmm (mn+1 ® rnn+1)
where

sin{

pev = [2/3k 4 —
/3 knsa [4e]|| sin 6,

(3.48)

and
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Dnn Dnm
e P
_ 3.49
_ IS£+1,A£q n+1( l IFl,Asq Fl,(* l ' lFfAe Ff}lel ( )
S1T+1,Asq n+1§' Foneq Fag Flae F2ie

In the above expression X™ = n,,; - X, and X™ = m,,,; - X, are the components in the
directions of tensors n,,,; and m,,; respectively of a tensor X which belongs on the

(n, m) hyperplane, hence:

Sn

l:msq n+1( l \/Tkn+1[ n+1/kn+1 0 ] (3.50)

Sn+1,A£q n+1{ -1

and
[Ann Anm ] — Ddev -1 0 ]
Amn Amm —Bsin {* —1+ Bcos 6*
3.51

_ 2G||Ae]| sin 6, 451
~ Iséllsin¢

The above linearized moduli are non-symmetric, as the multipliers D™"and D™™ of the
non-symmetric terms m,,.; ® n,,,; and n,.; @ m,_,; respectively, are not equal.
ThUS, Dgp(ijkl) * D(Sp(klij) y Whlle the SymmetrIeS Decp(ijkl) = Decp(ijlk) = Decp(jikl) =
D¢y (jiky are preserved. In the limit [|de|| — 0, the linearized moduli reduce to the

material tangent moduli.

Table 3.2: Functions necessary to define internal variables Ae,, {*

model / branch F,=0 F, =0

Itbranch - h =k(g;)/gq Eq. (3.23) Eq. (3.22)
2pranch - 6P =4, Eq. (3.27) Eq. (3.26)
Explicit choice: h = h(6,4g,) Eq. (3.32) Eq. (3.31)

3.3 Algorithm for shell element analysis
In shell element analysis, for a given strain increment A€ (which has no Adess

component), the stress at the converged state 6,1 (Which has no 6,33y component)

must be calculated, accounting for the traction component perpendicular to the shell

laminae (assumed to be direction 3 in Figure 3.3) to be zero throughout the analysis:

Ont+1(33) = 0 (3.52)
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Figure 3.3: Representation of a shell element and the direction perpendicular to its
laminae

The constraint (3.52), is used to calculate the unknown component of the strain increment
perpendicular to the shell laminae Ae55. The total strain increment Ag, is decomposed as

follows:
Age = A€ + Aezza (3.53)
where a = ;3 @ €5. Enforcing (3.52), at the end of the strain increment, one obtains:
a-Spy1 —Ppyr1a-1=0 (3.54)
Herein, (3.54) is updated using (3.37):

Fshell(qu; ¢ A533) =
(3.55)

2/3 kn41[c05(§ = ) Mngas) + $IN(C® = §) Mngaz)| = Pnss = 0
The internal variables (Aeq,(*,Aeg,g) are computed by solving the system of three
equations (3.39), (3.40), (3.55) (defined in Table 3.2 depending on the model branch).
This system can be reduced to a 2x2 system since for either model branch, equation (3.40)
can easily be rewritten as an analytic expression ¢ *(Asq,Ae33) and used for eliminating
¢* from the remaining two equations. This results in a system of nonlinear equations
Fy(Ae,, Aeg3) = 0 and Fypep(Ae,, Aes3) = 0. More details on the solution of this system

are given in Table 3.3.

The above formulation can be easily adjusted to account for plane stress conditions by
additionally demanding zero out-of-plane shear stresses (0,3 = 0,3 = 0), which directly
translates to Ae;3 = Ae,3 = 0. Under plane stress conditions, the above algorithm is

directly applicable.
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Table 3.3: Integration algorithm for shell element analysis — o353 = 0

1. Compute trial elastic stress (elastic prediction)
6% = 0, + DyppdE, s =1%¢®, p®=-1/3(1 6%

@ =N L ko= k(egn), FEE = o[t~ 273 k)
2. IFFal < 0 THEN
Ae? =0 , Agg =0
ELSE (Ffhit > 0)
n, = s,/lIs,ll
(2a) Assume 1% branch is activated
Find Ae,, Aes3, solving the following 2x2 system (details in Table 10.1):

Fi(deg, Aes3) = Fyi(dey, " (Aey, Aesz), dez3) =0
ﬁshell(qu'AER) = Fshell(qu'(*(qurA£33)'Ag33) =0
with
tan¢* sin9¢

sé h

seaen |+ 56| oo
Calculate:
Ag = AT + Aes3a, 6° =0, +DAlg, s¢=1%¢® =35, + 2GAe
g = de- s” h,.1=nh 0 =0°+7"

SO = emseys e T men AR

||[Ae]| sin 8
tan 07

- 1+ f_ln+1/3G/(\/3_/2qu)

(2b) If 6P > O, : the second branch is activated
Find Ae,, Aez3, solving the following 2x2 system (details in Table 10.1):

Fi(deq, Agz3) = Fyp(Aeq, {"(deq, Aeg3), Aez3) =0
Fshell(qu:A€33) = Fshell(qu:(*(qu:A€33)'Ag33) =0
with
3GA¢g, tan O
{*(4gy) = sin™? [—‘;e C]
Calculate:
Ae = AT+ Agzza, o6° =0, +DAg,  s® =1%¢® = s, + 2GAe
L 0 + ¢*(4eq, Ae(des3))
cosf = ——, = &, Ae(ds
llAellllsell 1 33

_ [|[de]| sin @
ol = 3G ~1
V3/2Agqtan b,

(2c) Calculate the plastic strain increment

. [19¢V —n, ® n,] de cos 7 = s, - §° A
"% = n, @ ny] de ||’ lIs.IHlIsell’
n,,.; = cos{n,+sin{m,, my,,; = —sin{n, +cos{m,
||de]| sin 6

Ae? = /3/2Aegnpyq +

3. Update stress tensor and state variables:
0,41 = 0% — 2GAeP Note: at this stage itis oy,41(33) = 0

—_—m
1+ hy,/36 "1

Eqin+1 = Eqn + 48
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3.3.1 Consistent moduli for shell element analysis

For shells, an equivalent three-dimensional integration scheme was presented above
which accounts for the constraint (3.52) to calculate the dependent strain increment
component Ae;5(4€). It follows that the total strain increment is readily available after

the integration, and the consistent moduli D4, for an equivalent ‘brick” element can

be found as in paragraph 3.2, disregarding the dependence A&;5(A4€). For shell elements
this dependence needs to be reintroduced in the algorithmic moduli, and the know stress
component 35 needs to be eliminated by static condensation. The shell algorithmic

moduli are expressed as:

csnon _ 48 _ 08 05 0deq,

D =
ep de 0t ' 0de;; 0%

(3.56)

The derivative dA4e55/0€ is obtained by demanding the differential of constraint (3.52)

to be zero:

60n+1(33)/6§ ds

dA = —
£33 80n+1(33)/8A£33

(3.57)

and finally, the condensed material moduli, employed in shell analyses can be calculated
as:

DS, DS

14 ep
pe-shell _ KA33 33uv
ep =

D¢ -
KAuvV €PyAuv D¢
€P3333

(3.58)

where k, A, u,v = 1,2,3but not k = 1 = 3 or u = v = 3. In equation (3.58), one should
note that D, # Depjuvica SO that the algorithmic moduli for shells are non-
symmetric. For plane stress elements the rigidity moduli can be expressed by (3.58), with

K, A, u,v = 1,2, and they are also non-symmetric.
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3.4 Theoretical testing of the model properties
In this paragraph, using benchmark tools from the literature, key features of the behaviour
and properties of the developed non-associative constitutive model are illustrated.

3.4.1 Behaviour under non-proportional strain paths

Various loading scenarios are employed to demonstrate the behaviour of the J2NA model
juxtaposed with the results adopting J2FT, J2DT and the model by Simo (1987). The
three-dimensional element formulation is presented first, demonstrating the more
compliant behaviour of the non-associative models with respect to J2FT and their relation
with J2DT, depending on the strain angle 8. The J2NA model exhibits a somewhat stiffer
response than Simo’s model when the strain angle is small enough (8 < 6,.), while the
two models have the same behaviour in load strain histories where 8 > 6., shown in
Figure 3.5. A further demonstration of the two models is offered for plane stress
conditions (Figure 3.6), which exhibit behaviours akin to their three-dimensional

counterparts.

3.4.1.1 Three-dimensional formulation

To illustrate the behaviour of the models, the loading scenarios introduced by Hughes and
Shakib (1987) and further used by Simo (1987) are adopted. A one-parametric family of
non-proportional deviatoric strain paths is considered, expressed analytically by eq.
(3.59). The strain paths consist of a preloading proportional branch, followed by a non-

proportional one, forming an angle ¥ with the preloading path (Figure 3.4).
e(t) =eqt+ (e, —ey)(t—1), te[0,2] (3.59)

In the above (- ) = max{( - ), 0} is the Macaulay bracket and e,, e, are expressed as:

—1/2 0 0
e=¢ 0 -1/2 0 (3.60)
0 0 1
[—1/2 cosy 0 0
e, =& 0 —1/2cosyp V3/2siny (3.61)
0 V3/2siny cosy

With & = 7.5 x 1073, and four significant non-proportionality cases are displayed:

W =m/8,21/8,31/8,41/8 or 22.5°45.0°,67.5° 90.0° (3.62)
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Non-
Proportional
Loading

Current YS
41/8 37/8

Figure 3.4: Schematic representation of the one-parameter, non-proportional deviatoric
strain path family considered

A material with linear hardening and the material properties in Table 3.4 are adopted, to
allow for comparisons to previous works, in conjunction with four cases for the angle

parameter:
6, =0, m/12,21/12,3m/12,4m/12 or 0° 15° 30° 45° 60° (3.63)

Table 3.4: Material properties

Young’s Modulus E(ksi) 10.5x 103
Shear Modulus G(ksi) 3.95x103
Plastic Modulus/Hardening  H (ksi) 103
Yield stress oy (kst) 33.65

The numerical calculations were performed with pseudo-time increment At = 0.01 and
the plotted results refer to the second phase of the deformation (non-proportional phase),

summarized in Table 3.5

Table 3.5: Notation of the plotted results

e(t) = |leql[ (¢t — 1)
=3/2&(t—-1)
a(t) = a33(t)
§pl(t) = 653 (t) — 653(1)
T(t) = 03(t)
YPH(E) = 2ep5(t)

In Figure 3.5, the stress and plastic strain evolution is given for the selected strain path

family for discrete angles ¥, employing J2NA, and the model Simo (1987), accounting
for several values for the angle parameter 6. The material responses employing J2FT and

J2DT under these strain paths are also included, to facilitate comparisons.

Under non-proportional straining, the stress tensor rotates towards the direction of the

non-proportionality, and the angle (8) it forms with the successive strain increments
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gradually decreases, irrespective of the material model. It follows that if non-
proportionality angle ¥ < 6., in the non-associative models considered, only one branch
is activated, leading to a behaviour unaffected by parameter 6.. For such combinations
(6. > 1), asingle line is offered in the following figures for each of the models. In these
cases, the behaviours of the J2DT and the J2NA are very similar, somewhat stiffer than
the model by Simo, and less stiff that the J2FT.

Comparably, in cases that y > 6., it is possible that throughout the analysis 6, < 6, so
that only the second branch of the J2NA model is activated. In such cases, the J2NA and
Simo’s model has the same response for given values 6., which is stiffer than the J2DT,
and less stiff than the J2FT.

In a final case, ¥ > 6, only for part of the deformation history. Hence, the second model
branch is activated initially, producing similar behaviours for the two non-associative
models. However, angle 6 decreases with deformation and 8 < 6. develops onward,
activating the first branch of each model, hence differentiating their responses. Such

points are clearly identifiable in Figures 3.5, 3.6 .

3.4.1.2 Plane Stress
For plane stress a one-parameter strain path expressed by (3.59) is also used, with

e = £ (1) 8] (3.64)
e =& cosy V3/2siny (3.65)

V3/2 siny 0

This strain path is not deviatoric, as in the three-dimensional case, but it represents the
tension and torsion of a tube who is fixed in the radial direction, for example by being
filled with a very stiff material. It follows that, in the preloading at first yield there is a
small non-proportionality which reduces with deformation, but in all considered cases
smaller than 6.. Hence, angle i is approximate representation of the angle formed
between the two consecutive strain paths. The material parameters in Table 3.4 are used.
The behaviours are very similar to the non-proportional paths in brick elements, discussed

above.
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3.4.2 Accuracy Analysis - I1so-error Maps

To numerically evaluate the accuracy of the developed algorithm, iso-error maps are
constructed for a material point under strain-controlled loading. The iso-error maps offer
a schematic representation of the accuracy of the integration algorithm under a variety of
loading paths. In the present study, the loading cases suggested by Simo & Taylor (1986)
are used to test the accuracy of the J2NA model, considering shell elements in plane stress

loading conditions (o33 = 073 = 0,3 = 0).

Starting from a stress state on the yield surface (points A,B,C in Figure 3.7), the new
stress state o (4¢€) is calculated for a range of strain increments (combinations of 4¢;; and
Ae,, ), employing the developed integration scheme in a single integration step.
Subsequently, the ‘exact” solution 6*(4¢€) is obtained by incrementally applying A€ in
sufficiently small sub-increments and employing the developed integration scheme. The
number of sub-increments is increased until convergence of ¢*. The error of the
integration is estimated based on the deviatoric part for the stress, according to the
expression:

s =7l
lIs]|

Three initial stress states are considered: (A) uniaxial, (B) biaxial and (C) pure shear

-100% (3.66)

loading, which represent a wide range of initial loading conditions. The strain increments

are normalized with the yield strain parameter ¢, = g,,/E = 0.1%. In all iso-error maps

the shear stress is taken as zero (g1, = 0). In line with literature, the unfavourable case

of rigid plasticity is considered, with the properties in Table 3.6

Table 3.6: Material properties and state variables for iso-error maps

Poisson’s Ratio v =03

Young’s Modulus E =207 GPa (30000 ksi)
Von Mises Stress g, = 207 MPa (30 ksi)
Hardening modulus H =0GPa

Equivalent plastic strain ¢, = 0.00%

Angle parameter 6, =2°

The level of error for this model is similar to that reported previously in the literature and
the J2FT, which is up to 8% for strain increments of the size of the yield strain. Increasing
the hardening modulus leads to somewhat smaller error, because the denominator of

equation (3.66), that expresses the size of the yield surface, increases. The algorithm
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exhibits no error for the case of proportional loading, namely, along the line Ae,,/ Agy; =
0.5 in Figure 3.7(A), and lines Ag,, /A4 = 1, in Figure 3.7(B, C).

Aegz/ey

Agq

N

Plane stress yield surface, points A, B, C

used for constructing iso-error maps. (A) Point A — Uniaxial loading initial state

6 : :
/ /
¢Z55> J2FT
5 | JONA(6, = 2°)

ANSEYAY Aeir /ey
(B) Point B — Biaxial loading initial state (C) Point C — Pure Shear initial state

Figure 3.7: Iso-error maps for different points A, B and C on the yield surface.
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3.5 Shell buckling calculations
This paragraph addressed the application of the J2NA model in the context of finite
element analyses, to perform buckling calculations, discussing the influence of its non-

associative character in the way instability calculations are executed.

3.5.1 Implementation in finite element programs

Lower bound estimates of the bifurcation load from the pre-buckling equilibrium path
can be obtained using Hill’s “‘comparison solid’ concept. Hutchinson (1974) described in
detail its implementation and Tvergaard (1983a) discussed its application using the J>
corner theory by Christoffersen and Hutchinson (1979), which employs material moduli

dependent on the direction of the strain rate.

The comparison solid concept introduces a quadratic functional, based on the virtual work
principle, whose positiveness ensures stability, while the occurrence of non-positive
values indicates bifurcation. For a discretized finite element model, the functional takes

the form:
F =AUT [K'] AU (3.67)

where [K'] is the global stiffness matrix that employs the tangent material moduli of the
constitutive model, and AU is the vector with the unconstrained degrees of freedom. The
elastoplastic tangent moduli are used for material points whose loading state is on the
surface of their respective yield surfaces and the elastic moduli in all other cases. This
expression implies that stability is ensured by the positive definiteness of the stiffness
matrix [K'], or equivalently, instability occurs when a non-positive eigenvalue of [K'] is

encountered.

Using the implicit finite element environment in ABAQUS/Standard, the global stiffness
matrix [K'] can be extracted using a dedicated step and a material subroutine UMAT to
apply the material elastoplastic tangent moduli. Eliminating the constrained degrees of
freedom, the eigenvalues may be calculated externally, and bifurcation is identified at the
first zero eigenvalue. Alternatively, using a linear perturbation step, the smallest
eigenvalues and the respective eigenmodes can be obtained to detect bifurcation. In a
static analysis, by default, ABAQUS records the occurrence of non-positive eigenvalues
in the stiffness matrix, which is an alternative way of identifying bifurcation. However,
implicit analyses, employ the algorithmic moduli of the constitutive models in their

calculations, which differ from the tangent moduli. Therefore, they may lead to non-

Apostolos Nasikas - July 2022 81



Non-associative plasticity for structural instability of cylindrical shells in the inelastic range

accurate bifurcation estimates, especially when large strain increments are used.
Nonetheless, in all cases analysed in the present study, the above methods produced the

same bifurcation estimates.

For non-associative and corner models, the material tangent moduli depend on the
direction (angle @) of the strain increment at bifurcation, which is not a priori known, as
loading path changes may occur. On an assumption of strain direction continuity, the
instantaneous moduli associated with the angle 8 of the last strain increment are used,

adopting an ‘alternative comparison solid’, a concept introduced by Tvergaard (1983a).
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4 COMPRESSION OF THICK-
WALLED METAL CYLINDERS

The structural behaviour of long thick-walled cylinders under uniform axial compression
is addressed in this chapter, demonstrating several key aspects of inelastic instability of
shells. The buckling and post-buckling behaviours of the cylinders are treated employing
analytical and numerical tools. Local instability and its evolution are considered,
accounting for the effect of initial geometric imperfection to investigate the influence of
constitutive modelling in the structural performance of the simulated cylinders.

Comparisons are performed successfully with experiments from the literature.

4.1 Axisymmetric buckling

Thick-walled metal cylinders (pipes or tubes), when adequately restrained laterally e.g
buried pipelines, if subjected to axial compression, they shorten uniformly and are loaded
well into the plastic range of the material before a bifurcation point is met and the tube
wall exhibits local buckling. Gellin (1979) showed that the resulting buckling mode is
axisymmetric, characterized by the development of periodic wrinkles uniform along the
cylinder (Figure 4.1) - assuming the absence of significant boundary effects or

imperfections which lead to localized effects.

The critical bifurcation stress (o) and the corresponding halfwave length (4,.), can be
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calculated analytically using the following well-known equations (a proof is also

provided in Appendix 3):

D, D,, — D2,1"? /t
o, = 11 223 12] (E) (4.1)

D2, r/ *
_12(D11D22 - D121)

(Rt)1/2 (4.2)

where R is the radius of the tube, t is the thickness and D,z = 00,5/0€q5 (NO
summation on a,B) is the condensed material stiffness tensor DS>te 5, @, B = 1,2

presented in equation (3.58), employing the (instantaneous) material tangent moduli

(2.50) (not the linearized moduli, as discussed in paragraph 3.5).

The bifurcation strain €., stress g, and the corresponding halfwave length A, are obtained
by solving the nonlinear equation (4.1), which has the equivalent plastic strain g, or the
equivalent stress g, as the only unknown. In the absence of initial geometric
imperfection, the pre-buckling average stress-shortening response follows the material
compression curve, independently of the material model, while the various models
provide significantly different bifurcation estimates, as they employ different stiffness

moduli.

Figure 4.1: Axisymmetric buckling of cylinder under uniform compression

Key features of the presented methodology are demonstrated below in numerically
simulating buckling experiments of thick-walled duplex stainless steel tubes reported in
(Bardi & Kyriakides, 2006; Bardi et al., 2006). Those experiments were designed to
mitigate the influence of edge supports and represent the bifurcation behaviour of long

shells, as opposed to older investigations on axially-compressed cylinders (Lee, 1962;
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Batterman, 1965), where specimen length and support conditions prevented the clear
identification of wrinkling onset, which may result in misleading comparisons between

bifurcation and ultimate loads.

In Figure 4.2b,c,d, the axisymmetric bifurcation stress (o.), strain (&.) and the
corresponding halfwave length (A.) are displayed for tubes in terms of the diameter-to-
thickness ratio (D/t). Bifurcation from the pre-buckling path is identified by solving
expression (4.1), employing the material moduli for different constitutive models and the
material curve Figure 4.2a. The predictions for J2NA and J2DT are identical as the
preloading is proportional, and both models employ the same material moduli. The J2FT,
marked with dotted lines, over-predicts the bifurcation stresses by a significant amount,
in the entire range considered, while J2NA generally provides predictions in better

agreement with experimental values by (Bardi & Kyriakides, 2006), marked with circles

and squares.

800 T T T T 800 T
............... J2FT
......... —+——J2NA & J2DT
GTU A\ J2NA (FE)
600 - T e _ _ _.SIMO

400

Stress (MPa)

200 +

30 40 50 60

0 1 2 3 4 5 20
Strain (%) D/t
(a) Material stress-strain curve (b) Bifurcation stress o, vs D/t

20 30 40 50 60 20 30 40 50 60

D/t D/t
(c) Bifurcation strain &, vs D/t (d) Wrinkling halfwave length A.vs D/t

Figure 4.2: Influence of constitutive modelling in the bifurcation stress, strain and
halfwave length for thick-walled tubes. Experimental data are included

On the other hand, the non-associative model by Simo (1987) predicts bifurcation at
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significantly lower load than experiments indicate. The differences are more salient when
considering the values of strain at bifurcation in Figure 4.2c. In that case, the J2FT grossly
over-predicts bifurcation strains, whereas the J2NA is in better agreement with
experiments. Finally, the model by Simo leads to significant underpredictions of the
bifurcation strain, particularly for tubes with larger values of D/t ratio.

The buckling halfwave length is overestimated by all models. Simo’s model yields
predictions similar to the ones by J2NA, which are more consistent with experimental
results compared to those of J2FT, but still over-predict the reported halfwave values by
a factor of two. The differences can be alleviated when yield anisotropy is taken into
account (Bardi & Kyriakides, 2006; Corona et al., 2006; Kyriakides et al., 2005) which
was reported in these experiments, but this is outside the scope of the present study.

Bifurcation predictions are also obtained using finite element models via static analyses
in Abaqus, employing the user-material-subroutine (UMAT) for J2NA. Axisymmetric
and three-dimensional shell element models with different lengths were used, under a
displacement-controlled analysis scheme (modelling details and mesh properties were as
described in the paragraphs 4.1.1 and 4.2). A series of analyses was performed to identify
the length that leads to the lowest bifurcation stress, which also supplied the relevant
strain and halfwave length parameters. The finite element results are included with
triangular marks in Figure 4.2b,c,d, and they are in excellent agreement with the analytical
predictions. It is noted that in FE analyses the hardening behaviour is introduced as pairs
of values of true stress — logarithmic plastic strain. These values are calculated from the
material hardening curve Figure 4.2a, considering it represents the uniaxial behaviour

under compression (the standard formulas are used on the material curve under tension).

4.1.1 Non-axisymmetric buckling modes

To investigate the development of non-axisymmetric bifurcation modes, models of length
L = 2k, (x is an integer) are used, following the argument by (Gellin, 1979; Koiter,
1963). Models employ 12 S4 elements per halfwave and 120 around the circumference,
together with periodic symmetry support conditions. Shortening (axial displacement at
the cylinder ends) is imposed incrementally and at 0.1% strain increments, the
eigenvalues of the stiffness matrix are monitored, to identify structural instability. The
first zero eigenvalue corresponds to an axisymmetric buckling mode, and the relevant
bifurcation stress, strain, and wavelength are in line with the analytical solution. At

increasing deformations, bifurcation into non-symmetric modes with e.g. two and three
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circumferential waves was also recorded (Figure 4.3). Longer finite element models, with
k equal to 2, 3,... replicated the bifurcation modes and the corresponding strains obtained

by their shorter two-halfwave counterparts (x = 1).

J2NA (Analytic) [
o0 axisym. (FE)
X m=2(FE)
A m=3(FE)

0 n 1 n 1 n 1 n
20 30 40 50 60

X
—OX>

Figure 4.3: Bifurcation into non-axisymmetric bucking modes

4.2 Evolution of uniform wrinkling

Initial geometric imperfection leads to non-uniform stress distribution along the tube and
non-proportionality arises, surfacing the influence of various constitutive models. The
average stress (F/A) - normalized shortening -or average strain- (4L/L) diagrams of

initially imperfect cylinders demonstrate this influence (Figures 4.5- 4.7).

Displacement-controlled axisymmetric analyses are performed, employing twenty, two-
node axisymmetric shell elements, denoted as SAX1 in Abaqus, simulating a one
halfwave long segment of the cylinder, with seven integration points across the wall
thickness. To enforce periodicity along the cylinder (uniform wrinkling), the rotation of
the top and the bottom of the model is restrained, while the cylinder is free to expand

radially (Figure 4.4).
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Figure 4.4: Geometry and boundary conditions of an axisymmetric one-halfwave model
of an imperfect thick-walled cylinder under compression
Initial geometric imperfection is introduced in the shape of the first (axisymmetric)

eigenmode of the shell, and the radial displacement along the tube can be written as:

X
w = wt coS— (4,3)
A

where parameter w refers to the amplitude of the imperfection as a fraction of the shell
thickness. For simplicity, onward w is simply referred to as imperfection amplitude. The
behaviour of the imperfect cylinder is presented in Figure 4.5, using the J2NA with angle
values 6, equal to 2°5°10° 15°30°, as well as the J2FT and J2DT models for
comparison purposes. A small imperfection of amplitude w = 10~* is used, which
enables the solution to follow the secondary path, without an abrupt transition at the

bifurcation point. In all analyses, a maximum shortening increment of 0.01% is used.

The J2FT model follows the primary path, which is practically the material compression
curve, for axial shortening up to 5%, and develops a load maximum at about 6%. On the
contrary, the J2DT model develops a load maximum at the bifurcation point of the perfect
system, immediately followed by a decreasing branch, behaviour in line with arguments
by Peek (2000). The J2NA leads to behaviours bounded by these two models. At
bifurcation, the cylinder starts diverging from the primary path with increasing load. The
parameter 6. influences the load maximum of the tube, with larger values of 6, leading
to lower load maxima, and behaviours that approach the J2DT. As the angle 6. becomes
very small, the response of J2NA model approaches that of the J2FT. It is important to
notice that a small value of angle 6., e.g., 2°, can lead to a response which is quite

different to that of J2FT. Such small values of 8, may be hard to measure experimentally,
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which would explain the difficulties in past investigations (Hecker,1972) to observe yield

surface corners.

For a large imperfection amplitude (w = 1071), the equilibrium path is smoother (Figure
4.6). Similarly, the J2NA leads to behaviours bounded by the J2FT and the J2DT curves,
but for high imperfection amplitudes, all these models lead to rather similar behaviours.
The equilibrium path obtained using the model by Simo (1987) diverges from the material
curve very close to the corresponding point of bifurcation, as calculated in Figure 4.2c,
which is a significantly lower level of deformation than the J2DT and experimental data
indicate. Increasing values of angles 6. lead to progressively earlier load maxima and
more accentuated deviations from the material compression curve. Numerical instabilities
were met when employing Simo’s model with low values of angle 6. and imperfection
w, Which is attributed the model’s full vertex formation effect immediately at first yield,

as noted in paragraph 2.6. This abruptly reduces material stiffness and hinders

convergence.
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~
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Figure 4.5: Influence of constitutive modelling in the wrinkling of the axially compressed
tube (w = 107%)
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Figure 4.6: Influence of constitutive modelling in the wrinkling of the axially compressed
tube (w = 1071)

In Figure 4.7, an overview is given of the influence of imperfection amplitude w in the
wrinkling behaviour of the cylinders, when using the J2FT and J2NA models. The use of
progressively smaller imperfection while employing the J2NA has little influence on the
simulated response of the cylinder. The equilibrium path diverges from the material
compression curve soon after the bifurcation strain of the perfect tube, and the secondary
path is followed. For small values of imperfection w < 0.05% the stress-strain curve is
practically unaffected by the imperfection amplitude, it exhibits a clear load maximum

which occurs at a discernible limit strain g;, = 4%.

On the other hand, the sensitivity of the J2FT to initial imperfection is seen: increasingly
small imperfection amplitudes enable the cylinder to follow the primary path (material
compression curve) up to high values of axial shortening, leading to increasingly high
load maxima at increasing average strains, while for a small imperfection (w = 107>),
no maximum load is identified for shortening up to 7%. For larger imperfection
amplitudes w > 0.1% the two constitutive laws produce increasingly similar behaviours,
while they become almost identical for w = 10% . The influence of imperfection
amplitude in the axial load capacity and the respective average strain of the cylinder are

summarized in Figure 4.8, using the J2FT and J2NA.
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Figure 4.7: Influence of imperfection amplitude in uniform wrinkling, using the J2FT
and J2NA

D/t =26.3 ~
3+ L/)\C: 2.0 >N .
06 —_ 20 \\

2 N PR | N PR | N PR | N M | N PR
1074 1073 1072 1071 1 10
w (%)

Figure 4.8: Influence of imperfection amplitude in cylinder’s axial load capacity
In Figure 4.9 the values of angle 6 are given across the cylinder thickness in the uniform
wrinkling model. In the neighbourhood of 2% shortening values of 6 exceed 40°

indicating significant non-proportionality in the loading path. The highest values of 8 are

recorded in locations with biaxial compression, caused by wrinkling due local bending
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across thickness (o), but also hoop stresses along the cylinder (ap).

\
t (x3)
--/—-{ffi (cylinder wall
N thickness)
angle 6
X

longitudinal direction

—

Y

Figure 4.9: Non proportionality angle 8 along a wavelength at € = 2%, w = 107°

Figure 4.10 depicts the limit strain &, when the maximum load capacity of the

compressed cylinder is reached, plotted with respect to the diameter-to-thickness ratio,

assuming uniform axisymmetric wrinkling. Three initial imperfection levels are

considered, namely w = 0.1,1.0,5.0% which are in line with investigations by the

experimenters, suggested to be consistent with the levels of imperfection in the tested

specimens, and two constitutive models: J2FT and J2NA. Uniformly, the J2FT leads to

higher limit strains for all levels of imperfection, with more pronounced differences at

low imperfections. Numerical results are in agreement with the experimental values

reported by Bardi & Kyriakides (2006), included in the graph, particularly for higher D /t

values.
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Figure 4.10: Limit strain versus diameter-to-thickness ratio D /t; uniform wrinkling
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4.3 Localization of wrinkling

To simulate the localization of the axisymmetric buckling pattern, finite element models
of multiple halfwaves are used. The length L is assumed equal to NA., where A, is the
critical halfwave length calculated from equation (4.1), and N an integer. The mesh
employs twenty axisymmetric shell elements (SAX1) per halfwave and seven integration
points across the shell thickness. The geometric imperfection is assumed as a stress-free

initial radial displacement field of the form:

21X X Al
Nl 7, (44)

w = —t|w + w; cos

Parameter w represents the uniform amplitude of the axisymmetric imperfection, while
parameter w, is used to modulate the imperfection amplitude along the tube segment
under consideration and enforce localization at the centre of the 14-halfwave-long model
(N = 14). At the two ends of the model, symmetry conditions are imposed: the rotation

Is restrained, while the radial displacements of the cross-section are free, as in Figure 4.4.

Unif.Wrink.

800

200 J2FT J2NA (6, = 2°) |-
D/t =26.3 —— —-w; = 0.0% w1 = 0.0%
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Figure 4.11: Effect of the imperfection amplitude w- in the average stress- average strain
response of the imperfect tube employing the J2FT and J2NA

Figure 4.11 shows the effect of imperfection bias w, on the response of the compressed

tube for a value of uniform imperfection amplitude w = 0.1% and for values of w, equal
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to 0.0 %, 0.1%, and 0.5%. When no imperfection amplitude bias (w; = 0) is employed,
the cylinder closely follows the same equilibrium path as in uniform wrinkling, but after
the limit load formation, additional shortening is distributed non-uniformly along the
cylinder, localizing in a single wrinkle, and the load capacity reduces rapidly. The limit
load for the localization model and the uniform wrinkling model are very close. The
imperfection amplitude bias w, causes localization to initiate at lower levels of stress and
strain, for both the J2FT and F2NA models, the limit load in these models is similar to
the uniform wrinkling limit load for imperfection amplitude w + w4, as noted (Bardi et
al., 2006). The tube maintains structural rigidity up until greater deformations when the
J2FT is employed.

J2NA

9, = 2°
D/t =263
L/A, = 14
w; =0.1%

Figure 4.12: Deformed configuration at increasing strains

An interesting observation refers to the orientation of the maximum initial imperfection,
as for either inward or outward maximum imperfection, the wrinkling localizes in an
outward bugle following the limit load. When initial imperfection has a maximum
outward wrinkle, the imperfection pattern initially increases almost uniformly in a
controlled manner when compression is applied. At the load maximum localization
commences at the wrinkle with the maximum initial amplitude, the displacements start
increasing rapidly locally, while regions far from the buckle area start to unload (Figures
4.12 & 4.13b). When the imperfection maximum is in an inward wrinkle, a similar
response is recorded at early stages of deformation. However, localization takes place at
one of the outward wrinkles on the side of the maximum inward wrinkle (Figure 4.13b).
This effect on the orientation of the initial imperfection was found using both the J2FT
model and the J2NA and it is in line with observations by Tvergaard (1983). In Figure
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4.13b the increase in diameter along the tube is further given for different stages of the
analysis. In Figure 4.14 the strain direction angle 6 is plotted along a tube section in an
advanced stage of the post-buckling (AL/L = 6%). Great variations are seen in 8, and

values greater than 90 signify the unloading of parts of the tube length.

800 T T T T T T

200 "D/t =26.3 .
L/D=3.5 J2FT J2NA (6, =2°)
w =0.1% — — —Inward Inward
w; = 0.1% — — —Outward ——— Outward
0 | | | | | |
1 2 3 4 5 6 7
ALJL (%)

inward

Figure 4.13: Influence on the direction of the maximum imperfection in (a) the average
stress- average shortening of compressed cylinders; (b) the displacement profile along
cylinder generator
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Figure 4.14: Angle 6 across the thickness in the cylinder after localization of wrinkling.

4.3.1 Non axisymmetric modes
By developing fully 3D shell element models, failure into non-symmetric modes is
modelled, characteristic in the more thin-walled shells. Additional non-symmetric

imperfection is introduced expressed as:

TX
Wy, = —tw,, c0S —— cos mb (4.5)
2,

where tw,, is the amplitude of the buckling mode with m waves developing in the
circumference. The number m of circumferential waves developing at buckling depends
on the D/t ratio of the cylinder, with more waves developing in more thin-walled
cylinders, in general, but in real shells it is also affected by the imperfection that is present.
In Figure 4.15 the influence of non-axisymmetric imperfection in the failure of the
cylinder with D/t = 43.3 is presented, considering the J2FT and J2NA. Analyses with
m = 2 demanded higher imperfection amplitude and failed to incite pronounced non-
symmetric buckling, so m = 3 is considered critical and the influence of w5 in the
wrinkling localization is given below. This observation is in line with the analysis in

(Bardi et al., 2006), indicating that three waves develop circumferentially for cylinders
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with D/t > 39 and further suggesting imperfection amplitudes w = 0.05% and w; =

6% are representative for this cylinder.
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Figure 4.15: Localization into a non-symmetric mode

Employing the axisymmetric imperfection amplitude w = 0.05%, along with various
levels of non-symmetric imperfection w5, analyses show that for amplitudes w; <10w,
the equilibrium path up to the limit load is unaffected. The maximum force and the
respective average shortening are the same as in the axisymmetric case and wrinkling in
the cylinder is essentially axisymmetric. Wrinkling is initially quite uniform and at the
limit load the centre wrinkles become more pronounced, begin to localize
axisymmetrically, and load capacity reduces. With further shortening, a distinct
bifurcation point is met, the shell stiffness drops abruptly, and circumferential buckles
develop. This transition occurs at additional shortening of 0.5% for low values of w5 and
it occurs progressively earlier in the post-limit-load equilibrium path for increasing values

of ws;.

Higher amplitudes of non-axisymmetric imperfection (e.g., w3 = 6% ) are quite
significant and reduce the limit load and the average strain when it occurs. In this case,
wrinkling localizes directly in a single buckle at the centre of the cylinder, but shows
signs of circumferential waves even before the limit point is reached. The circumferential
waves are dominant in the cylinder profile immediately after the maximum load. This
behaviour is found using both the J2FT and J2NA, with the latter leading to more
compliant responses, as in the axisymmetric case, and allowing for transitions to the

secondary path (non-symmetric buckling) for lower imperfection amplitudes.

In Figure 4.16 this behaviour is compared to the experimental curve by (Bardi et al.,
2006). Simulation follows very closely the experiment up to the limit point when it shows
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a smoother post limit load behaviour. In the experiment, the shortening was measured in
a segment of the tube of length L = 1.25D, while the curves in Figure 4.15 measure it in
a length of 3.42D(144,.), so the two are not directly comparable. An appropriate curve is
included in the graph, measuring the shortening from the relative displacements of two
cross sections 1.24D apart, located on either side of the buckle, and it exhibits the same

smooth behaviour as the experiment.

Following the limit point, deformation localizes in the buckles and additional shortening
is not distributed uniformly along the cylinder. It follows that after the limit point any
shortening measures are dependent on the length that was used, with longer sections
leading to a seemingly more abrupt loss of stiffness. So, comparisons with the experiment

in shortening terms must be made based on metrics in the same model length.
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Figure 4.16: Model length and comparison with experiment

4.4 Conclusions

The inelastic instability of thick-walled cylinders under uniform compression is reviewed
using analytic tools and nonlinear numerical analyses. Several constitutive models are
employed to investigate local buckling. Analytic calculations demonstrate that the J2NA
can reliability estimate instability, while estimates using the J2FT or the model by Simo
(1987) show a disparity with experimental data, producing overly high and low

predictions, respectively. Finite element models are developed in Abaqus and using the
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software capabilities they are used to validate the bifurcation estimates based on the
‘alternative’ comparison solid. They verify that local instability onsets in the form of

periodic axisymmetric wrinkling, when J2NA is employed.

The influence of constitutive modelling in the post-buckling response is examined using
implicit FE analyses. Low values of parameter 6. are shown to measurably affect the
post-buckling response of the cylinders and are used in further buckling calculations. The
evolution of uniform wrinkling shows the J2NA leads to lower limit loads than J2FT,
with lower sensitivity to the amplitude of initial imperfection. Comparisons are made with
experimental data, and models are extended to investigate the local growth of wrinkles.
Analyses demonstrate the nature of the wrinkle localization process leading to folding of
the section and to a limit load instability, which can occur well after the onset of
wrinkling. The presence of imperfection reduces the load capacity of cylinders and
instigates localization. Analyses demonstrate the complexity of the load paths in the post-
buckling of shells, which necessitates the cautious model implementation scheme
described in the previous chapter.

Finite element analyses employing J2NA address key features of inelastic shell buckling
and demonstrate the capabilities of these modelling tools to reliably simulate inelastic
buckling of thick-walled cylinders under compression. In the following chapter, they are
employed to investigate cylinder instabilities under more demanding bending loads.
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5 PURE BENDING OF LONG
THICK-WALLED METAL
CYLINDERS

The structural performance of thick-walled metal cylinders under pure bending is
examined in this chapter. Contrary to the case of compression, under bending the
prebuckling equilibrium path is non-trivial, involving double opposite curvatures in the
hoop and meridional direction of the cylinder, leading to biaxial, non-proportional
loading, prior to bifurcation. The influence of constitutive modelling in these more
complicated loading paths is examined, modelling the structural behaviour of cylinders

with various D/t ratios, addressing their pre- and post-buckling response.

Overview

The structural behaviour of thick-walled cylindrical shells under bending is characterized
by the interaction of geometric and material nonlinearities. Ovalization and bifurcation
instabilities determine the bending load tubulars can sustain, and the elastic-plastic
material properties further influence the structural performance of tubes, as significant
inelastic deformations may precede buckling and failure. This chapter focuses on the
simulation of the mechanical behaviour of thick-walled cylinders, employing the J2NA

constitutive law to account for the above phenomena.
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Brazier (1927) showed that bending of elastic cylinders induces ovalization of the cross
section, which has a prominent role in their structural behaviour. With increasing bending
deformation, the cross section gradually ovalizes and tends to flatten (Figure 5.1). As the
distance between the compression and tension side of the tube reduce, a gradual reduction
of the section’s bending stiffness is recorded and ultimately a moment maximum develops
(ovalization limit load instability). Further bending deformation leads to a reduction in
moment the tube section sustains. This geometric destabilization (second order
deformation effects) is not addressed by the beam theory. Its influence in the performance
of elastic tubes has been studied by, e.g. (Reissner, 1959) who investigated ovalization
instability of elastic cylinders further considering pressure with semi-analytic methods,
and more recently (Karamanos, 2002) who employed a nonlinear finite element

formulation.
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Figure 5.1: Moment-curvature response of elastic-plastic tube under bending

Relatively thick-walled cylinders fail while loaded in the plastic range of the material, so
the ovalization-induced loss of bending stiffness is further exacerbated by the low
stiffness of the material in the plastic range. The significant combined global and hoop
bending create a biaxial state of stress in the cylinder wall, which leads the material to
yield at lower curvatures, further reducing stiffness. As a result, tubulars members may
be unable to sustain the full plastic moment of the initial cross section (M, = o,D?3t).
The interaction of material and ovalization instabilities is important for metal cylinders
with a diameter/thickness ratio (D /t) of less than, say, 60, when the effects of the inelastic

material behaviour are more prominent. Particularly in shells with D/t < 25, this
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interaction dominates their structural response, which is characterized by ovalization of
the tube section, formation of a limit load, followed by a gradual failure with significant

post-limit-load strength. (Figure 5.2c).

Ades (1957) analysed the ovalization of tubulars in the inelastic range, assuming that the
cross-section deforms into an elliptical shape, and employing the J2DT to describe
inelastic material behaviour. This study found the limit (ovalization) moment and
curvature of elastic-plastic long cylinders, to be lower compared to predictions assuming
elastic material properties. Gellin (1980) further considered limit loads and curvatures of
bent tubes, together with nonlinear kinematics from ring deformation theory, enforcing
the condition of inextentionality employing the J2DT to model material behaviour. Fabian
(1981) employed similar kinematics and used the J2FT. Motivated by the mechanical
behaviour of offshore pipelines Kyriakides & Shaw (1982) extensively examined the
inelastic bending response of relatively thick-walled tubes (15<D /t<80), accounting for
the influence of external pressure. They employed analytical ovalization models based on
an inextensional non-linear theory (Brush & Almroth, 1975), using the J2DT to model

material plasticity.

Shaw & Kyriakides (1985) and Corona & Kyriakides (1987) extended this study, by
adopting an improved kinematic formulation, allowing for large changes of hoop
curvatures, and using J2FT as a constitutive model. Karamanos & Tassoulas (1991)
investigated the problem using employing “tube” finite elements and offered further
numerical verification of the experimental data reported in (Corona & Kyriakides, 1987).
Elchalakani et al. (2002) through theoretical models and experiments further
demonstrated the role of ovalization instability in the behaviour of thick-walled cylinders.
They indicated that for reliable modelling of the ovalization behaviour of thick-walled
cylinders, closed form solutions may be insufficiently detailed. Wang et al. (2018)
considered the influence of ovalization in the moment resistance of thick-walled under

bending in the inelastic range using finite elements.

Experiments by (Kyriakides & Ju, 1992; Reddy, 1979) indicated that ovalization analyses
may be inadequate to investigate the bending behaviours for metal tubes with D /t values
higher than about 45. These cylinders may experience local buckling in the form of tube-
wall wrinkling, before reaching the ovalisation limit moment. During bending, axial
stresses increase at the compression side of the cylinder can lead to a shell-type instability,
characterized by the formation of a wave pattern, referred to as ‘local bucking’ or

‘wrinkling’. This is a bifurcation problem, and the developed buckling mode is
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characterized by short-wavelength wrinkles forming periodically along the cylindrical
shell (Figure 5.1). They have a maximum amplitude at the compression side of the cross
section and gradually diminish around the circumference. The wrinkle development
reduces the section rigidity, while its interaction with geometric imperfections can have
a significant influence in the buckling of the cylinders. Bifurcation instability in bending

is more pronounced in long cylinders, free from boundary conditions.

a

M D/t=47.7

D/t=35.8

Figure 5.2: Typical moment curvature behaviours and bucking modes of thick-walled
tubes, images from Kyriakides & Shaw (1987)

Bifurcation from the ovalization primary path may occur either before or beyond the
ovalization limit load instability, depending on cylinder’s D/t ratio. For the less thick-

walled shells under consideration (D /t>45), bifurcation and short wavelength wrinkling
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precede limit load instability, and occur at progressively lower curvatures for increasing
values of D /t. For the more thin-walled shells, the wrinkle development is followed by
an immediate drop in the moment capacity of the shell, localized deformation in one main
buckle and failure in a “diamond” mode (Figure 5.2a), similar to thin-walled elastic

cylinders.

Numerical studies on the uniform wrinkling of bent cylinders were reported by (Gellin,
1980), where bifurcation in the inelastic range was detected at loads lower than the
ovalization limit point. Fabian (1981) further considered inelastic stability under
combined bending and pressure, employing the J2FT for the moment-curvature path and
J2DT for bifurcation calculations. The experimental work by Reddy (1979) elucidates the
plastic buckling of thick-walled steel and aluminium cylinders (30<D/t<80) under
monotonic pure bending. He observed considerable scatter in terms of critical strains, and
noted variations in the wrinkling wavelengths when comparing between experimental
values and estimates obtained using both J2DT and J2FT, based on the tubes’ bifurcation

under compression.

Ju & Kyriakides (1992) investigated experimentally the bending, ovalization and
wrinkling of cylinders with 20< D/t <60. They performed carefully controlled
experiments on aluminium cylinders, and monitored their structural behaviour until
failure. Bifurcation instability in the plastic regime was recorded before or after the
ovalization limit point, dependent on the cylinders D/t ratio. Ju & Kyriakides (1992b)
followingly successfully modelled these experiments employing a semi-numerical model
and considered the main parameters that influence the failure of cylinders. The inelastic
material behaviour was modelled using J2FT to trace the moment-curvature response
(equilibrium path) and the J2DT moduli were employed to estimate bifurcation. This
approach was used by (Houliara, 2008) in the bending of relatively thick cylinders using

a finite-element formulation.

Karamanos & Tassoulas (1996) & Limam et al. (2010) examined the structural response
of tubes under monotonic bending and pressure. Sadowski & Rotter (2013) investigated
the non-linear plastic buckling behaviour of thick-walled tubes under bending and
demonstrated the computational efficiency and the reliability of shell elements. The
disparity between experimental values and numerical predictions on the wrinkling
wavelength noted by (Ju & Kyriakides, 1992; Reddy, 1979) was re-examined in the work
of (Corona et al., 2006) and was attributed to the effects of anisotropy. The book by

(Kyriakides & Corona, 2007) provides a concise overview of the problem of buckling
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and collapse of inelastic cylinders, and summarizes the previous experimental and semi-

numerical studies.

To reliably predict the behaviour of cylinders under bending, the intrinsic issue of
describing accurately the uniform ovalization induced by bending need to be addressed,
in a consistent manner with bifurcation instabilities. More specifically, the study of the
buckling and the subsequent post-buckling behaviour, leading to failure, demand
accounting for the onset, growth and localization of wrinkling which is significantly
affected by the ovalization process. Towards this purpose, the importance of the
constitutive modelling becomes clearer, as considerable inelastic deformations and non-
proportional loading take place. Prediction of ovalization localization, associated with the
natural limit load for thicker shells, and its interaction with wrinkling, for shells with a

wide range of D/t values, must be addressed in the analyses.

5.1 Finite Element Modelling

Geometrically and materially nonlinear analyses are performed using the implicit static
solver in Abaqus 2016 to simulate the structural response of the thick-walled circular
cylinders under bending. Four-node thick shell elements (S4) with finite membrane
strains are employed. The inelastic material properties are introduced into Abaqus in the
form of true stress and logarithmic plastic strain and used in the context of a material user
subroutine UMAT, employing the non-associative constitutive law (J2NA) developed in
previous paragraphs. Several low values are considered for parameter 6., leading to the
use of a value of 2° which provided good results in both problems of compression and

bending.

Finite element meshes are chosen to employ approximately 12 elements per VDt of
length, and 144 elements around the circumference, with 7 integration points across the
thickness, found sufficient to accurately capture the buckling behaviour of the cylinders,
while maintaining computational efficiency. To study both (a) initial instability in the
form of wrinkling and (b) post-buckling and depending on the geometry the transition
into non-symmetric buckling modes with circumferential waves, characteristic in the less
thick-walled shells, an entire cylindrical shell segment is modelled, without half-
symmetry assumptions. Initial geometric imperfection is accounted for, in the form of the
wrinkled shape eigenmode, obtained at the bifurcation point of the geometrically perfect

shells, appropriately modulated.
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The finite element models are subjected to pure bending, under a rotation-controlled
loading scheme. A simply supported static system is adopted. Reference points are placed
at the geometric centres of the two ends of the model. The end-cross-section-nodes are
kinematically coupled to the reference nodes, as in Figure 5.3, imposing kinematic
constrains that keep the end cross sections plane, while allowing for the cross section to
ovalize in its rotated plane. This simulates the response of a long cylinder, minimizing
the influence of the mesh length. A few models were developed with capped ends
(assuming rigid plates at the models ends, obstructing all-sectional deformation in the
rotated section plane), which are named appropriately in the following paragraphs.

Wrinkle
profile

Figure 5.3: Wrinkling of geometrically perfect tube segment under bending

5.2 Uniform ovalization and non-proportionality

A primary requirement for predicting accurately the structural response of long
cylindrical shells under bending, is tracing the prebuckling equilibrium path. In the
absence of initial geometric imperfection, their length ovalizes uniformly, as their cross
section is bent due to the loading. The longitudinal uniformity implies that the length of
the employed meshes has little influence in the predicted response, assuming appropriate
end conditions. Simulations employing meshes with length ranging from 10% to 300%
of the tube diameter display virtually no differences in the overall moment-curvature
(m — k) behaviour of the shells, when no buckling or wrinkle development take place
(Figure 5.4), provided that the chosen meshes are fine enough in the circumferential
direction to adequately describe the deformation of the tube. Hence, the influence of the
constitutive law in the ovalization of the cylinders is investigated in this stage and the
extend of non-proportionality that is encountered.
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Table 5.1: Geometric and mechanical definitions

t Cylinder wall thickness
a Initial geometric imperfection amplitude
D Cylinder outside diameter
D, =D —t Cylinder mean diameter
o, 0.2% offset yield strength

M, = o,D?t Plastic Moment
k; =t/D2?  Curvature-type normalization parameter

Table 5.2: Material and geometric data for cylindrical shells
tested by Ju & Kyriakides (1992)
Exp.No. D(mm) D/t E(GPa) o,(MPa) o*(MPa) n*

1 31.82 60.5 68.95 299.0 298.6 28
2 38.10 52.6 69.64 299.0 298.6 33
3 25.40 50.0 70.67 307.0 307.5 29
4 31.78 440 67.20 304.0 303.4 25
5 35.00 385 71.02 287.0 285.4 25
6 31.75 35.7 67.36 283.4 282.0 28
7 28.63 322 71.16 288.0 286.1 26
8 25.34 28.2 66.20 304.0 303.0 35
9 31.80 253 69.16 286.0 284.8 30
10 31.78 212 71.16 285.0 284.1 28
11 31.78 19.5 68.67 309.0 308.9 37
*Ramberg-Osgood parameters in eq.(2.60)
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Figure 5.4: Moment-curvature response thick-walled cylinder under bending
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Figure 5.5: Angles 8 and 87 over the cross section of the cylinder; Comparison of angle
6 employing the associative (J2FT) versus the non-associative model (J2NA)
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In Figure 5.5a angles 6 and 87 are presented at increasing curvatures when employing
the J2NA (6, = 2°) in a mid-range cylinder (D /t=44). Geometric and material data for
this cylinder and others referenced followingly are provided in Table 5.1. Initially, both
the direction angles 8 and plastic angle 67 take small values. At approximately x/k; =
0.6 (k; = t/D? - see Table 5.1), at the intrados (compressed side - top) and the extrados
(tensioned side - bottom) of the cross section, ovalization-induced local bending leads to
more pronounced non-proportionality, and the second branch of the model is activated so
that 67 = 6., both the inner and outer surface of the cylinder. In contrast, at the mid-
surface, the angles 6P remain small throughout the analysis, implying almost
proportional loading. Hence, the main contributor to the non-proportionality is the
ovalization-induced hoop bending. As curvature increases, ovalization and hoop bending
increase, so that non-proportional load paths develop in a larger part of the cross section.
The area about the cylinder’s neutral axis where material remains elastic (no 67 values /
marked as white) reduces with increasing curvature, and the greater part of the cross-

section experiences non-proportional elastoplastic loading.

In Figure 5.5b a comparison is made at different stages of deformation for the strain
angles 6, obtained with J2FT and J2NA models displayed on left- and right-hand-side of
the cylinders, respectively. For both constitutive laws, angles 8 are initially quite small
all around the cross section, apart from the area around the neutral axis where, as
expected, the combination of meridional bending and ovalization-induced hoop bending
leads to more pronounced non-proportionality. With increasing deformation angles 6
increase initially in the ‘flattening’ top and bottom of the cross section reaching values
smaller than 10° for both models. Slightly smaller deviations from proportionality are
encountered for the J2FT with angles barely exceeding 8°. The loading paths are more
complicated around the neutral zone where the biaxial bending leads to angle 8 values in
the range up to 20° — 40°. However, those are encountered mainly in the elastic zone of

the material and are of limited interest.

5.2.1 The effect of constitutive model angle 6,

The plastic angle parameter 6, of the non-associative constitutive law influences the pre-
buckling structural response of the simulated bent cylindrical shell in a limited manner
(Figure 5.6). Increasing values of 6, lead to higher non-associative plastic deformation,
which facilitates ovalization of the cross section, lowering somewhat limit moments and

deformations in the loaded shells. The prebuckling equilibrium paths are relatively
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unaffected by 6. and all are in agreement with the J2FT and the experiments. The
differences are more pronounced at curvatures in the neighbourhood of the cylinder’s
limit loads. The material is loaded well into the inelastic range and exhibits reduced
stiffness, allowing for greater plastic deformations in the presence of the non-proportional

loading. This ultimately leads to higher ovalization of the cross section.
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Figure 5.6: Influence of constitutive modelling in the structural response of a cylinder
under bending

Figure 5.6 demonstrates the effect of increasing values for the angle 6. = 2°,5°,10° in
the prebuckling equilibrium path, characterized by uniform ovalization of a moderately
thick aluminium shell with D/t = 44. The experimental curve of this cylinder by (Ju &
Kyriakides, 1992) is included. The reported wrinkling and failure are indicated with (v)
and (x), respectively. As in the case of compression, in bending a low value 8, = 2° leads
to slightly more compliant responses than the J2FT in the overall behaviour of the
cylinder, in line with experiments. For all angles 6., the pre-limit-load path is practically

unaffected, while increasing values 6. gradually reduce the limit load m, and limit
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curvature k;, for the cylinders. Differences with respect to J2FT become noticeable at

deformations levels in the neighbourhood of the limit moment m;.

Similarly, the J2NA leads to more pronounced ovalization, defined in (5.1), of the bent
cylinders’ cross-section. Higher values of 6, lead to higher ovalization throughout the
curvature range in Figure 5.6, approaching marginally more the trend of the experimental

curve.

A= Dmax - Dmin (5'1)
Dmax + Dmin

A similar influence of 8, is encountered in the entire range of D/t under consideration,
when geometrically perfect shells are addressed. In Figure 5.7 the moment-curvature
response of tubes with D /t values of 25.3 and 60.5 are given for a wider range for the
semi-angle parameter 8, (2° — 18?). Its influence is limited in the initial moment-
curvature response of the cylinder, assuming uniform ovalization, but it becomes more

pronounced at higher curvatures, following the formation of the limit load.

For D /t=60.5, following the limit load m;, more pronounced differences are predicted
in the structural response of the tube segment, depending on the adopted value 6... For all
6. values, the response is less stiff compared to the J2FT, but for 6, = 2°, the differences
are modest. Intermediate angles 6. lead to more compliant behaviours, while for values
of 8, = 10°, the predicted structural responses group together with minimal differences.
In these cases, similar to the contours in Figure 5.5 for D /t=44, the loading path of the
material in several locations is non-proportional. However, non-proportionality is limited
and does not lead to direction angles 6 in excess of 10°, so for models with 6, > 10°
only one branch of the model is activated, and they all produce practically identical
behaviours, as shown in paragraph 3.4.1. Less pronounced differences are found in the

uniform ovalization behaviour of the more thick-walled shell D /t=25.3 (Figure 5.7).
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Figure 5.7: Effect of constitutive modelling parameter 6, in the structural response of
cylinders under bending

5.3 Bifurcation analysis and uniform wrinkling

Perturbation analyses are performed at regular deformation intervals to identify the lowest
eigenvalues of the cylinder model. The occurrence of non-positive eigenvalues denotes
instability, and the curvature at which the first non-positive eigenvalues occur is the
shell’s bifurcation curvature k,;. The associated eigenmode is characterized by wrinkling
of the compressed side of the cylinders (Figure 5.3). The number of halfwaves Ny, is

used to define the wrinkling halfwave length of the shell Ay = L/Nyy, -

In simulating ‘long’ tube segments any stiffening influence from the support conditions
should be alleviated in order to obtain accurate bifurcation estimates. Indeed, considering
bending of models with length L = 3D and monitoring their eigenvalues at curvature
intervals of 0.01x, the bifurcation curvature and the halfwave are identified for several
cylinders tested by (Ju & Kyriakides, 1992). At bifurcation, these models develop 1-3
non-positive eigenvalues simultaneously, with associated eigenmodes of 11-19 halfwaves
forming along the compressed side of the shells (Table 5.3). Hence, long models can
provide a range for the wrinkling wavelength, which in Figure 5.8 is seen to be consistent
with the predictions by Ju & Kyriakides (1992), indicating the effectiveness of this
method. The predicted Ay, are uniformly longer than the ones measured experimentally.
This discrepancy was also met in tubes under compression, and it can be addressed by
further accounting for material anisotropy due to the manufacturing process (Bardi &
Kyriakides, 2006; Corona et al., 2006; Kyriakides et al., 2005). In Figure 5.8 the ratio of

the experimentally calculated to the numerically estimated halfwave length is given.
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Figure 5.8: Comparison of predicted and experimental wavelength of long thick-walled
cylinders under bending

Table 5.3: Bifurcation data for cylinders tested
by Ju & Kyriakides (1992)

No D/t | ¥» Kb Nyw Auw Atw lexp
K1 K1 exp L \/m \/m

1 60.5 | 1.05 18,19 1.21-1.27

2 5261.03 18,17,16 | 1.19-1.33

3 50.0 | 1.05 17,16 1.22-1.30

4 440 | 1.09 16, 15 1.22-1.30

5 385 1.10 15,14 1.21-1.30

6 35.7 | 1.09 14 1.24

7 32.2 | 1.13 14,13 1.18-1.27

8 2821111 13,12 1.18-1.28

9 25.3 | 1.17 12 1.21

10 212|126 11 1.20

11 195 1.26 11 1.14

Similar bifurcation calculations using the J2FT yield unrealistically high values of critical
moments, curvatures and longer critical Agy,. Such a result is also reported in for thick-
walled shells under axial compression in Chapter 4. Moderate variations of the model
length L do not affect the bifurcation curvature x;,, but can affect the number of negative
eigenvalues and the number of forming waves. Therefore, no single value can be obtained
for Ay, from long models. A more precise investigation on Ay, may be performed by
adopting ‘short” meshes of approximately one halfwave. The wavelength is not known a
priori and, therefore, a sequence of analyses is conducted, assuming for several trial
wavelength values. The critical wavelength corresponds to the “earliest’ bifurcation point
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on the primary path, occurring at the lowest moment capacity (Karamanos & Tassoulas,
1996).

The periodicity of winkling can be modelled accurately by the assumed support
conditions when the model length is an integer multiple of A4y . As shown in Figure 5.9,
for the shell with D /t=44 and models with length raging between 0.8vDt and 1.8vDt,
have been analysed to identify bifurcation halfwave of the shell. All meshes with length
of 1.18vDt up to 1.32 VDt, experience bifurcation at the critical curvature 1.08 k;,
which was also identified by longer simulated segments. This is the lowest recorded value
by the one-halfwave models. Slightly shorter and longer meshes experience bifurcation
at higher curvatures up to 23% higher (0.25k;), as the non-critical lengths together with

the symmetry conditions stiffen the model’s response.

Figure 5.9: Bifurcation curvature versus the length of the simulated tube segment

Considering longer shell segments with L/+/Dt ranging from 1.8 to 7.0, while
maintaining the element size approximately constant, the earliest bifurcation is similarly
recorded at x, = 1.08k;. For segments with L/v/Dt > 6, the bifurcation curvature x,, is
relatively insensitive to the segment length and it quickly converges to the value obtained
for long shells (L = 3D). At bifurcation these meshes develop two or more halfwaves
along the tube segment. As expected, the A, values computed by the longer modes are

always within the length range calculated by the one-halfwave models.

It is algebraically calculated that any model length L > 10+/Dt is an integer multiple of a
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value in the range of critical A5, obtained by the shorter halfwave models, and as a result
has the same bifurcation curvature x;,, under a fixed frequency of bifurcation checks. This
further supports the concept of using long models to produce accurate estimates for x,,,
and explains the occurrence of multiple negative eigenmodes: the long model’s length
can be an integer multiple of different values in the range calculated by the one halfwave

models.

Further accuracy in the calculation of k;, is obtained by performing bifurcation analyses
at smaller deformation intervals, i.e., 0.001k,, leading to more precise values for Agy,. In
Figure 5.8, the “precise’ Ay, obtained from one-halfwave models in this way is included
and is always within the expected ranges. The exaggerated buckling mode in the cross
section of two cylinders is shown in Figure 5.10. The part of the cross section affected by
buckling is larger for thicker cylinders (lower values of D /t). The same effect was found

in elastic shells by (Houliara & Karamanos, 2006).

pre-buckling post-buckling

« buckling zone i/ —
'/ buckling zone

initial ;
cross-section /
\l’,v'

D/t=44.0 D/t=19.5

Figure 5.10: Buckling in the cylinder cross section under pure bending

5.3.1 Influence of imperfection

Buckling includes non-uniform deformation along the shell, which grows in the
developing wrinkles at the compressed side. In a first approach, axial wrinkles are
assumed to grow periodically along the bent shell, and therefore a single halfwave
segment (L = Ayy) may be analysed. Considering A5y, values in the above calculated
range has very limited influence on the uniform wrinkling response of the shell,
irrespective of the level of initial geometric imperfection (Figure 5.11). The imperfection
is in the shape of the eigenmode obtained from the perturbation analyses in the previous

paragraph, and three amplitudes are considered with respect to the shell radius: wg =
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a/R = 0.5, 1, 3%o, which are similar to the ones used in compression and they were
considered by the experimenters as representative. For any given imperfection amplitude,
using wrinkling wavelengths in the obtained range produces very small differences in the

limit moment m; and curvature x;, less than 1% (Figure 5.11b).

The imperfection amplitude affects the moment-curvature response of the cylinders, as in
the case of compression, mainly in the inelastic part of the response and as bending
deformation increases, the imperfect cylinder response becomes more compliant. Both
the value of the maximum moment m; and the curvature x; at which it develops

progressively reduce for increasing imperfection amplitudes.
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Figure 5.11: Influence of imperfection amplitude and wavelength in the uniform
wrinkling of a cylinder under bending

5.3.2 Non-proportional loading

In the imperfect cylinders, non-proportionality, as expressed by angle 8, is higher than in
the geometrically perfect uniform ovalizing shell, and it varies along the cylinder
depending on the position of the cross section. At the crests and troughs of the wrinkles,
material experiences complicated stress paths due to biaxial local bending and the
meridional compression from global bending. Figure 5.12 shows the values of angle
measures 8 and 6P around the cross-section at these two critical positions, at various
levels of deformation in the wrinkled cylinder (D /t=44). For visualization purposes, the

shell thickness is magnified ten times in the plots.

At a low curvature (k/x; = 0.4), values of 6 in the wrinkled shell are significantly
higher, compared to the uniform ovalizing case, and they are not symmetric with respect

to the cylinder mid surface. In particular, at the position of the wrinkle trough, non-
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proportionality angle 6 reaching values of more than 10° in an extended part of the
section intrados. Therefore, higher plastic strains are predicted than J2FT and the second
branch of the constitutive law (8P = 2°) is activated already at this stage. Higher values
6 are encountered at the inner surface of the shell at this position, yet the angles 68” do
not reach 6. This is caused by the non-uniform stress distribution across the thickness of
the shell. The inner surface experiences lower compression because of wrinkling-induced
local bending and as a result it has not deformed plastically as much as the outside surface,
and the material response is stiffer at lower plastic deformations. At the crest of the
wrinkles, lower values of 8 are seen across the cylinder thickness. At material points
located about the bending axis, insignificant differences are encountered between the two

cross sections, though angles 6 take somewhat higher values.

In the wrinkle trough, at curvature x/k; = 0.8 the compressed side of the cylinder shows
direction angles 6 as high as 20° at the outer surface. Angles larger than 90° are found at
the inner surface, implying unloading has initiated in this part of the section. Non-
proportionality is high enough, so that the second branch of the model is activated almost
in the entire compressed side of the shell, both at the crest and at the trough of the

imperfection.

By curvature k/k; = 1.2, the moment capacity of the section has begun to decrease and
ovalization is visible in Figure 5.12. Unloading occurs in an extended area of the inner
surface at the wrinkle trough, but also at the outer surface of the wrinkle crest starting at
the symmetry axis and expanding circumferentially with increasing deformation.
Throughout the deformation, in the neutral axis, the material remains elastic, so the high

values 8 are of no interest.

In the bottom part of the cylinder, (extrados) which is loaded in tension due to flexural
bending, the loading paths are practically unaffected by the wrinkling. Angles 6 are very
similar to the uniform ovalization case particularly before x;,, with slight increases of up

to 2° for x/x; = 1.2.
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5.3.3 Non-symmetric bifurcation modes

The thinner shells under consideration (D/t > 44) develop wrinkles at an increasing
load, soon followed by buckling into a diamond mode, developing one sharp local buckle
characterized by a number of circumferential waves. To investigate bifurcation into non-
symmetric buckling modes, these are assumed to be periodically repeated along a cylinder
with an axial wavelength twice that of the uniform wrinkling value (Gellin, 1979). Hence
a two-halfwave (L = 24yy,) geometrically perfect model is subjected to bending under a
rotation-controlled regime and the occurrence of negative eigenvalues is monitored, as in
the previous section. Figure 5.13 presents the curvatures at which the cylinder segment

experiences bifurcation, together with the corresponding bifurcation modes.

1‘2 r T T T T T

0.8

0.4+

021 /D/t =44 1
L =2 gw
J2NA 0, = 2°

0 1 1 1 1 1
0 0.4 0.8 1.2 1.6 2 2.4

K/ K1

Figure 5.13: Bifurcation into non-symmetric modes

Following the first bifurcation, several negative eigenvalues are recorded with increasing
curvature, both before and after the load maximum of the cylinder. The sequence of the
buckling modes is similar to the one obtained from analyses of compressed cylinders. The
first eigenmode is associated with uniform wrinkling of the compressed side of the shell,
developing longitudinal waves of halfwave Ay, at the bifurcation curvature x;, which
was obtained from previous simpler analyses. At progressively higher curvatures,
buckling modes develop, characterized by increasing numbers of circumferential waves

and smaller longitudinal wavelengths.
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Figure 5.14: Effect of the simulated halfwave length A, in the development of non-
symmetric bifurcation modes

Small perturbations on the model length do not affect the first bifurcation into uniform
wrinkling, as shown in Figure 5.14. However, they may affect the curvature at which the
following eigenmodes might occur. They can somewhat delay or accelerate the
occurrence of following bifurcation mode shapes. The curvature difference is not
substantial, and the sequence of which buckling modes is not altered. Estimating
bifurcation directly in much longer cylinder segments (several halfwaves long) is
considerably more computationally expensive, and it can be more complicated. The first
bifurcation occurs at the calculated curvature k; in a uniform wrinkled mode. Yet,
additional eigenmodes may be obtained followingly, that do not always directly relate to
the ones obtained by the two halfwave models but may represent superposition of several

eigenmodes.

When employing the two-halfwave model, estimating bifurcation of cylinders, with
imperfection in the shape of the first bifurcation mode, leads to secondary bifurcation
generally recorded at somewhat higher curvatures than the respective ones in the
geometrically perfect shell. In imperfect shells, the obtained eigenmodes are similar to
the respective of the geometrically perfect cylindrical shell, with the imperfection profile
superimposed, as shown in Figure 5.15. The sequence of the eigenmodes of the imperfect
cylinder segments is not altered.
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Figure 5.15: Buckling of imperfect cylinders into non-symmetric modes

5.4 Wrinkling localization and influence of imperfection

To investigate localization of wrinkling, long models (L > 164yy,) are subjected to
bending. Symmetry support conditions are used, as described earlier. Imperfection in the
form of the uniform wrinkling eigenmode is employed, which was obtained from a
bifurcation analysis of the perfect shell. Three imperfection amplitudes are considered
wr =a/R =0.5, 1, 3 %. Results are obtained using two constitutive models: the
developed J2NA juxtaposed with the J2FT. A 3%wj imperfection bias is implemented
midway along the cylinder, to incite localization far from the end supports. Maximum
imperfection directed both inward and outward the shell is considered and its influence
in the structural response of the cylinders is presented.

In Figure 5.16, the characteristic structural response of the thinner cylinder (D /t = 60.5)
is demonstrated. Initially the shell ovalizes uniformly and ovalization grows non-linearly
with curvature, in agreement with the behaviours from shorter models. In the
neighbourhood of the perfect shell’s bifurcation curvature k,, at increasing moment, the
wrinkles at compressed side of the shell grow in amplitude uniformly and bending rigidity
is reduced. Followingly, deformation localizes at the mid-length wrinkles: the amplitude
of the wrinkles and the ovalization of the cross section increases rapidly and locally. A
maximum moment develops, and a steep drop is recorded in the cylinder’s m — k

response. The load maximum is slightly lower to the one obtained for uniform wrinkling,
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due to the slightly higher imperfection amplitude, and significantly lower to the uniform

ovalization limit load of the shell, as induced by the Brazier effect alone.
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Figure 5.16: Effect of imperfection in the structural response of a thin-walled cylinder
under bending using J2FT and J2NA.

Maximum inward imperfections (wrinkle troughs) lead to buckled shapes where a single
symmetric inward buckle develops at the position of the deepest wrinkle, see Figure
5.16A. The deformation is localized, leading to a dropping branch in the moment-
curvature behaviour of the shell. Increasing imperfection amplitudes leave the shells
maximum moment relatively unaffected, but the curvatures at which they occur become
smaller and the developing buckles become more pronounced. Following the load

maximum, the recorded drop in the moment capacity of the cylinder is precipitous.

Maximum outwards imperfection produces a somewhat stiffer behaviour. When
deformation localizes at the (mid-length) location of the maximum outward wrinkle, it
allows for imperceptibly higher load maxima and limit curvatures, and the cylinder
moment capacity reduces less abruptly. At the moment maximum, the outward
imperfection stops developing as rapidly and two inward buckles start forming
eccentrically, either both on one side of the buckle, or one in each side of the outward
wrinkle begin to develop anti-symmetrically and, on the two sides of the maximum

wrinkle Figure 5.16B.

Similarly, buckling in a diamond shape occurs, forming one inward buckle centrally on

one side of the localizing maximum imperfection, and two eccentric buckles in the other
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side. These modes of buckling are observed experimentally in the thinner tubes with
D/t>50 by (Ju & Kyriakides, 1992). In analyses the transition to diamond buckling
modes can be incited earlier by the addition of small non-symmetric geometric

imperfections corresponding to the buckling shape.
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Figure 5.17: Limit moment and curvature of cylinders versus D/t ratio
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In Figure 5.17 the influence of the wrinkling imperfection amplitude in the limit
(maximum) load and curvature of the cylinders is plotted with respect to the D/t ratio.
Significant reduction is found in the cylinder ultimate moment capacity and limit
curvature with increasing imperfection for the thinner cylinders (D/t>40). In these
cylinders bifurcation instability precedes the ovalization instability, and localization
initiates immediately, close to the wrinkling bifurcation point. Following the moment
maximum, the drop in the moment capacity of the cylinder is also very abrupt. Section
failure (marked in Figure 5.18 when the moment capacity in the cylinder drops by 5%)
occurs immediately after the limit point in thin cylinders but not in the thicker cylinders
(D/t < 30). In those, the overall effect of outward geometric imperfection is similar:
leading to a maximum inward dent developing at the location of maximum imperfection
trough where ovalization localizes and deformations increase rapidly, but significant
additional bending deformation is sustained before section failure. Imperfection has small
influence in the m — k response of the thicker cylinders, only slightly affecting the
ultimate moment capacity and the limit curvature. This is justified by the bifurcation point
shown to occur after the limit load instability in thick cylinders, so ultimate load capacity

is mainly the result of ovalization and demands additional investigation in the next

paragraph.
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Figure 5.18: Influence of imperfection amplitude in the limit curvature and failure of the
cylinders depending on the D /t ratio
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Figure 5.19: Effect of imperfection and constitutive modelling in the structural response
of thick-walled cylinders under bending
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Overall, the two constitutive models produce similar behaviours for the cylinders, with
the J2FT leading to somewhat higher moment and deformation capacities, compared to
the more compliant J2NA. Using the non-associative model, the structural response is
more compliant, and localization leads to lower moment maxima, developing at
curvatures uniformly lower, compared to the ones obtained using the J2FT. In addition,
the load drop is more abrupt and deformations are more localized after the maximum
load, particularly in the thinner cylinders. Models employing the J2FT follow the primary
loading path up to higher curvatures before localization initiates. Differences between the
J2FT and J2NA are more pronounced for the lower imperfection amplitude. Employing
larger values for 6., decreases the overall stiffness of the tube’s response and the
curvature when diamond-shaped buckles develop. The m — k response of cylinders with
D/t = 19.5 — 50 is presented in Figure 5.19 for the two constitutive models and these

imperfection amplitudes, along with experimental curves.

5.4.1 Support conditions and model length

For the thicker shell under consideration (D/t=19.5), employing the long cylinder
conditions and the range of imperfections described earlier, the section failure is
calculated at curvatures higher than experiments reported. Considering higher
imperfection amplitude results in localization at lower curvatures, they have small
influence on the limit moment of the shell, but the behaviour following the maximum
moment is smoother than the one observed in experiments. An explanation lies in the
influence of model length, which is investigated next. As shown in Figure 5.20a,
considering increasingly long segments, leads to similar limit loads and curvatures, while
the post-limit-moment response becomes more abrupt. Considering length and support
conditions similar to the ones used in experiments, a structural behaviour in line with the

experimental response is obtained for the thicker tubes as well.
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Figure 5.20: Effect of end conditions and imperfection in the bending response of thick-

walled cylindrical shell

The ovalization profile along the tube segment is given in Figure 5.21 (V), and it follows

a similar trend as the experiments indicate. The ovalization, increases uniformly at the

early stages of deformation. At curvature values approximately equal to x;, ovalization

begins to localize in a section about 6D long at the centre of the tube segment.

When the edges are clamped, the ovalization of the tube is influenced locally at the

models ends, while wrinkling localization occurs in the middle of the model and its

behaviour is similar to the infinite shell as obtained using shorter models with symmetry

conditions.
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Figure 5.21: Evolution of the ovalization along the cylinder for different support
conditions and imperfection; moment-curvature graph; ovalization-curvature graph
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5.5 Conclusions

The structural performance of long thick-walled inelastic cylinders (D /t < 60) under pure
bending is examined using nonlinear finite element analyses, accounting for imperfection
and material nonlinearity. Ovalization and bifurcation instabilities are shown to control
the behaviour of the cylinders. These instabilities occur while the material is loaded in
the inelastic range, so the elastoplastic properties of the material, and its representation
through constitutive modelling influence the simulated cylinder’s structural behaviour.
Depending on the D/t ratio of the cylinder one of these instability modes becomes

dominant and leads to the structural failure.

The prebuckling response of the cylinders shows considerable deformations and biaxial
compressive stresses in the tube wall caused by global and hoop bending, leading to a
non-trivial prebuckling equilibrium path and non-proportional loading in the cross
section. Ovalization and bifurcation instabilities are identified, and the post-buckling
equilibrium path is traced.

Rather thick cylinders (D /t < 30), ovalize uniformly until progressively forming a region
of localized ovalization. They develop a limit load (maximum moment) but maintain
significant post-limit load strength and fail gradually. Wrinkling type bifurcation is
identified after the limit load and such imperfection was found to have limited influence
in the limit load but may accelerate the behaviour leading to an earlier failure of the
section. Stiff support conditions can have a similar effect. The section ovalizes in an
extended segment of the tube, verifying the observations of previous researchers.

Therefore, long models are necessary to simulate these behaviours.

For the thinner cylinders (D /t > 45), the bifurcation into short-wavelength wrinkling
precedes the development of a limit load. Cylinder wall wrinkling and initial geometric
imperfection reduce the ultimate moment capacity of the cylinders and lower the
curvature when it is reached. For these cylinders, the local buckling leads to wrinkling
localization, followed by an abrupt loss of bending stiffness of the cross-section and local

deformations leading to non-symmetric ‘diamond’ buckling modes.

For intermediate values of D/t the two instability modes occur at similar curvatures and
interact so limit load instability may somewhat precede catastrophic failure which can be

more gradual.

The non-associative model parameter 6. reduces somewhat the limit load of the

simulated cylinder and the influence of imperfection amplitude. Similar to compression,
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asmall value of 2° leads to behaviours aligned with experimental data from the literature.
The developed constitutive model is found to accurately reproduce the structural
behaviour of the cylinders under pure bending leading to reasonable instability estimates,

but also in reliably tracing the pre- and post-buckling equilibrium path of cylinders.
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6 BENDING UNDER INTERNAL
PRESSURE

This chapter investigates the stability of long inelastic thick-walled cylinders subjected to
bending under constant internal pressure. The combined loading creates an inherently
non-proportional loading path, and the following analysis showcases the capability of the
developed constitutive model to accurately simulate the structural behaviour, buckling
and post-buckling of thick-walled cylinders under complex loading conditions. The
influence of internal pressure in the ovalization and buckling of the cylinders is examined.
The post-buckling response of the cylinder is traced, considering the influence of
imperfection, and aspects of the structural failure are addressed. Comparisons with
experimental data from the literature are performed successfully.

6.1 Modelling details

The mechanical behaviour of thick-walled cylindrical shells subjected to internal pressure
and bending is numerically investigated using finite element simulations within the
general-purpose finite element software Abaqus. Geometrically nonlinear static analyses
are conducted employing the static and Rik’s arc-length solvers. The material is
considered to be elastic-plastic with isotropic hardening, defined by the stress —strain
response of the material in uniaxial tension, and it is introduced in the analyses as true
stress — logarithmic plastic strain values. The developed J> non-associative constitutive

model (8, = 2°) is employed to simulate metal material behaviour, implemented through
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a material user subroutine (UMAT). Initial geometric imperfection, when included, is
introduced in the form of the buckling mode of the cylinders (wrinkling). Buckling modes
are obtained from perturbation analyses accounting for the elastic-plastic moduli of the

material, which are performed at the bifurcation point.

FcaP

Figure 6.1: Boundary conditions, reference points and kinematic constraints at the end
cross section for cylinders under bending and pressure.

Three-dimensional finite element meshes of variable lengths L are employed: short
models (L < D) are used to accurately identify the shell’s instability, the wrinkle
development, sensitivity to initial imperfection and initial post-buckling, while longer
models are employed to simulate wrinkling localization and structural failure of the
cylinders. The cylinders are discretized with four-noded general-purpose shell elements
(S4), with 7 integration points across the thickness. Around the cylinder circumference
144 elements are employed; mesh density in the longitudinal direction varies with the

analysis type.

The cylinder is modelled as simply supported, and symmetry conditions are employed at
the ends to represent continuity of a long cylinder. At each end of the mesh, a reference
node is placed, and it is coupled with the nodes of respective end cross sections,
constraining them to remain plane and follow the rotation of the reference node. The
nodes of end cross section are permitted to slide on the rotated plane, allowing for cross

sectional deformation. Support conditions eliminate rigid body motions of the model.

Loading is applied in two stages. Initially, internal pressure is applied by prescribing on
the shell’s surface a distributed force p, which is a fraction of the yield pressure p, =

200t/D,. Simultaneously, end-cap forces F.,, = pmDZ /4 are applied as concentrated
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loads at the reference nodes at the end cross sections, defined as follower forces, which
remain perpendicular to the cross section throughout the analysis (Figure 6.1). In a second
stage, bending is induced by incrementally prescribing a relative angle of rotation ¢
between the reference nodes of the end cross sections. The pressure loads are kept
constant during bending. The moment M is obtained from the reaction at these nodes and
normalized by M, = o,tDZ. The cylinders average curvature is calculated as k = ¢ /L,
where ¢ is the relative rotation of the end cross sections, and it is normalized by the

curvature-like quantity x, = t/D3.

6.2 Uniform Ovalization

The previous chapter demonstrated that the response of cylinders under bending is
governed by the interaction of ovalization, bifurcation instabilities and inelastic material
behaviour. In a first stage, the influence of internal pressure in axially uniform ovalization
is addressed. A moderately thick-walled (D /t=52) stainless steel cylinder is analysed,
chosen to allow for comparisons with the experimental investigation by (Limam et al.,
2010). The Rambert-Osgood material curve fit, and geometry parameters of the cylinder
are listed in Table 6.1.

A pseudo two-dimensional ovalization analysis is performed using a short cylinder
segment with length equal to 5% of the cylinder’s diameter. Ten (10) elements are
employed in the longitudinal direction, to effectively exclude lengthwise non-uniform
(wall wrinkling) phenomena from the response of the shell, while accurately describing

the lengthwise curvature.

Table 6.1: Geometry and material properties

D(mm) 38.15
t(mm) 0.737
E(GPa) 186
a (MPa)* 227
0,(MPa) 262
¢ (%) 2.1
n* 9.3

*Ramberg-Osgood parameters in eq.(2.60)

The influence of internal pressure p/p, in the moment-curvature response of the
uniformly ovalizing cylinder is shown in Figure 6.2a. For low curvatures, the behaviour
is linear, independent of the pressure, until yielding initiates when bending stiffness

reduces, a knee develops in the m — k response of the cylinder and it smoothly diverges
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from the initial elastic branch. Under pure bending, the Brazier effect gradually leads to
the development of a limit load m, at curvature x; /k; = 1.5 followed by a dropping

branch instigated by the rapid ovalization of the cross section and flattening.

Low levels of pressure have a stiffening effect and move upward the m — k curve of the
cylinder, while they curb significantly the growth-rate of cross-sectional ovalization A
(Figure 6.3a). Furthermore, limit load instability is delayed: the limit (maximum) moment
and the corresponding limit curvature increase. For a pressure value p/p, = 0.10, the
limit moment increases by 10% and the respective curvature doubles. Pressurization
introduces axial and circumferential tension in the cylinder, which interact with the
compression at the top of the cylinder and tension at the bottom due to global bending
and the hoop bending stresses due to ovalization, causing earlier material yielding. The
complex biaxial loading path of the material into the inelastic range lead to high plastic
deformations and low material stiffness, which reduce the bending rigidity of the cylinder.
The influence of early yielding is clear for pressure levels p/p, = 0.30 for which the
m — k response of the cylinder moves downwards and diverges earlier form the initial
linear branch. Yet, it maintains a hefty slope up to rather high curvatures as internal
pressure counteracts the distortion of the cross section.

Internal pressure delays ovalization and the cylinder remains rounder (Figure 6.5a, b), so
it sustains rather high values of moment and curvature before limit load instability.
Indeed, for pressure levels greater than 0.3p, no limit load was identified for curvatures
up to 10k, . In Figure 6.8 the ovalization limit curvatures are shown to increase
unrealistically rapidly with pressure, compared to experimental data, indicating that the
cross-section failure is governed by local buckling, non-uniform localized deformations

which precede ovalization instability.
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Figure 6.2: (a)Moment-curvature response, (b) Axial stress at the intrados of the
uniformly ovalizing shell for various values of internal pressure

Figure 6.2b shows the evolution of the average axial stress oy, at the intrados of the shell

where maximum compression occurs. It follows a similar trend with respect to curvature
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as the cylinder’s moment. The maxima of the two do not coincide, and stress maximizes
at somewhat higher curvatures than k; . Following the ovalization limit point,
compressive stresses at the intrados continue to increase while the moment capacity
reduces driven by the rabidly reducing section height. The axial stress curve is seen to
reduce uniformly (move downwards) with internal pressure for all curvature levels, which
is the result of the axial tension (pR/2t) due to end-cap forces. The evolution of
ovalization -eq.(5.1)- with respect to bending curvature, is provided in Figure 6.5a
showing the beneficial influence of internal pressure. The change in the local hoop radius
R.q at the intrados of the cylinder (Figure 6.4) relative to the initial radius R is further
given in Figure 6.5(b) under various pressure levels. R, is calculated from the
coordinates of the three most compressed nodes of the cross section and its value
increases more rapidly than ovalization. R, is associated with buckling resistance of the
cylinder, and it is used in Chapter 7 together with oy, to estimate the bifurcation in a

semi-analytical manner.
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Figure 6.3: (a) Ovalization-curvature diagram of the pressurized shell (b) Change in the
local hoop radius at the intrados of the shell at various levels of internal pressure
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Figure 6.4: Ovalization due to bending, local hoop radius at the intrados of the cylinder
and equivalent compressed cylinder

Limam et al. noted that in the presence of internal pressure, plastic deformation due to
bending leads to expansion of the section. Figure 6.5a depicts the average change in
diameter in the shell, expressed in (6.1), which approximates the average hoop strain. It
clearly indicates an expansion of the cross section for high pressures, but it also shows
some shrinking under pure bending. In Figure 6.5b, the average hoop strain in the cross
section is calculated using (6.2). It verifies that section expands under bending for high
levels of internal pressure, with expansion reaching 1.7% for p/p, = 0.80 . It also shows
that ovalization is almost inextensional under pure bending, and the simplified formula
(6.1) is not representative for this case.

Dmax - Dmin
AD = ——— 6.1
) (6.1)

Cojang = § e AC/C 62)
C

Above, &y, is the cross-thickness average hoop strain and C is the shell’s circumference

in the deformed configuration.
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Figure 6.5: (a) Change in diameter (b) Average hoop strain of the shell versus curvature
at various levels of internal pressure
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Figure 6.6: Axial stress distribution around the cross section of the cylinder (a) under
pure bending p/p, = 0.00, (b) under internal pressure p/p, = 0.40

Figure 6.6 presents the axial stress distribution across the height of the shell at various
levels of curvature, for two levels of pressure: p/p, = 0.00 and p/p, = 0.40. At low
curvatures, ovalization is limited and the stress distribution follows the material curve.
After the limit load, the maximum axial stress is not found at the intrados of the shell
under pure bending. The bending stress distribution for pressure p/p, = 0.40 is
qualitatively similar but is lower than the material curve due to the axial tension (cap

forces) and the interaction with hoop stresses through the VVon Mises yield criterion.

Further focusing on the intrados, the evolution of axial and hoop stress across the
thickness of the cylinder is given in Figure 6.7 for different stages of deformation, and
two levels of pressure. For p/p, = 0.00, at small curvatures, the distribution of g, is
approximately uniform across the thickness. At higher curvatures, the ovalization-
induced hoop bending causes significant hoop stresses, non-uniform across the thickness.
These interact with axial stresses through the VVon Mises yield criterion due to inelastic
material response, resulting in a non-uniform profile of g, across the thickness. This
effect is particularly pronounced in the absence of internal pressure, while even low levels

of pressure limit this influence, by reducing hoop bending.
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Figure 6.7: (a) Axial and (b) Hoop stress distribution across the thickness at the intrados
of the cylinder versus curvature under pure bending p/p, = 0.00 and internal pressure

p/po = 0.50

6.3 Bifurcation using Abaqus

The onset of bifurcation from the axially uniform ovalizing prebuckling state is identified
by the development of non-positive eigenvalues in the stiffness matrix of the model
(“alternative comparison solid’, as employed in the previous chapters). Using ‘short’
models of various lengths, the length leading to bifurcation at the lowest curvature k;, is
identified as the characteristic wavelength of the shell A, and a perturbation analysis
at bifurcation provides the buckling eigenmode. To achieve accuracy of 1% in defining
Anw, eigenvalue checks are necessary at deformation intervals ~0.01%x;, in the vicinity
of bifurcation. Similar to the case of pure bending, x;, is found to be relatively insensitive
to small length variations. The bifurcation points obtained by ‘halfwave’ models in
Abaqus are marked with a ‘+’ in Figures 6.2-6.5. Considering four- and eight-times
smaller elements leads to smaller than 1% changes in the predicted x;, and Ay, .

Consideration of smaller curvature increment size had no further influence.

Bifurcation occurs before the limit point from ovalization analyses for all pressure levels.
Increasing pressure levels somewhat delay the bifurcation, which occurs at higher
curvatures. The delay in the ovalization instability is considerably more pronounced,
which is demonstrated in Figure 6.8 where both are plotted with respect to the level of
internal pressure. The bending moment at bifurcation M, increases for low values of

pressure, reaching a 4.5% increase for p/p, = 0.20. For higher values of internal
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pressure, the moment-curvature response of the shell moves downwards, and M,, follows

the same trend.
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Figure 6.8: Buckling wavelengths of cylinders under bending versus internal pressure (b)
Curvature at buckling versus internal pressure
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The prebuckling (prior to bifurcation) and post-buckling configuration of the deformed
cylinder are depicted in Figure 6.9 for two levels of internal pressure. Buckling
displacements are obtained from perturbation analyses in Abaqus and for visualization
purposes are amplified. The buckling mode includes deformations in an extended portion
of the compressed side of the cylinder, centred at the intrados, while deformations zero
towards the mid-height and the tension side of the section. The size of the *buckling zone’
increases with pressure: for pure bending it is 2R, increasing to 2.4R for p/p, = 0.60.
The ‘buckling zone’ is considered here as the arc along the cross-section circumference,
where buckling displacements are greater than say 5% of the maximum displacement in

the buckling mode (at the intrados).

pre-buckling post-buckling

buckling zone

initial
cross-section
-

p/p, =0.000
Ayy/R=0.348

buckling zone

p/p, =0.600
Ay /R=0.478

Figure 6.9: Exaggerated buckling mode of cylinder for two levels of internal pressure

An increasing trend for the ‘buckling zone” width with respect to pressure was also found
for elastic cylinders by (Houliara & Karamanos, 2006). For inelastic cylinders the

buckling zone is more extended, not localized at the intrados. This is attributed to the
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‘relatively uniform’ stress values in the material that has yielded and the lower ovalization
compared to elastic shells, which results in buckling of a wider part of the section, as it

approaches the local critical stress (see also Chapter 7).

In Figure 6.8, the values of k;,, Ay are plotted with respect to the level of internal
pressure. The exact calculations using ‘halfwave’ models are marked with a “+’, while
estimates obtained using ‘long’ models are plotted with dots, with several provided for
each level of pressure, reflecting the number of non-positive eigenvalues obtained at x;,,
and measured from the corresponding eigenmodes. The buckling wavelength increases
with internal pressure. Figure 6.9b displays the exaggerated buckling modes for p/p, =
0.00, and p/p, = 0.47, causing a 31% increase in Agy,. This behaviour was observed
experimentally in pressurized inelastic cylinders under bending by (Limam et al., 2010),
and under uniform compression by (Paquette & Kyriakides, 2006). The opposite effect,
was found by (Houliara & Karamanos, 2006) in elastic cylinders under bending, who
found wrinkling wavelength to decrease with the level of internal pressure.

These seemingly incompatible behaviours are explained in Chapter 7, using the ‘Local
Buckling Hypothesis® drawing on similarities to the buckling of cylinders subjected to
axial compression. It is shown that internal pressure lowers ovality at buckling (Figure
6.3) which tends to lower wavelength, as reported for elastic cylinders. However, in
elastoplastic shells, yielding under biaxial loading leads to a considerable increase in
wavelength and this ultimately governs the trend of A, with respect to internal pressure.
The obtained wavelength estimates are uniformly lower than the experimental values, as
the influence of the reported anisotropy (Kyriakides et al., 2005) is not accounted for in

the context of the present work.

The bifurcation curvature k,; increases with the level of internal pressure (Figure 6.8),
which is explained by the stabilizing influence of pressure: it keeps the section rounder
and lowers compressive loads by introducing axial tension. Even at low pressure values,
bifurcation occurs well before ovalization limit instability, which for p/p, =0.10,
develops well after x;,, following additional bending deformations of several x, (Figure
6.8b). This comes in agreement with the reported experimental observations by (Limam

et al., 2010) who identified wrinkling early in the bending history.
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Figure 6.10: Distribution of (a) axial stress a,., (b) hoop stress oy across the thickness at
the intrados of the cylinder at bifurcation for various levels of internal pressure
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Figure 6.11: Non-proportionality angle 6 across the thickness in the intrados at
bifurcation for various levels of internal pressure

Figure 6.10 displays the distribution of the axial and hoop stress across the cylinder
thickness at the intrados when bifurcation occurs. Apart from the case of pure bending
(p/po = 0.00), both stress distributions are quasi-linear. The axial stress o, decreases
with pressure across the cross section, while the hoop stress gy increases. The non-
proportionality angle 6 at bifurcation is presented in Figure 6.11, and records small values
~2.3° for all pressure levels. For high values of pressure, 8 is quasi-uniform across the
thickness, while for low pressure values, it varies across the thickness, affected by hoop

bending.

6.4 Uniform wrinkling

The onset of buckling from the ovalization prebuckling m — k path is investigated for the
pressurized cylinders. Uniform wrinkling is considered using one-halfwave long models,
employing 10 elements along the halfwave. Imperfection in the shape of the obtained
buckling mode is used to enable the model to follow the secondary equilibrium path.
Several imperfection levels are considered with respect to the tube radius a,; = a/R,

ranging from 1078 to 1073 . Similarly to pure bending, wrinkling of the shell’s
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compressed side leads to a more compliant m — k response. Increasing initial
imperfection amplitude leads to progressively lower limit load values m;, developing at

lower curvatures.

Initial imperfection amplitude has a more pronounced influence in pressurized bending
of cylinders, than under pure bending (p/p, =0.00). Particularly low values of
imperfection suffice to affect measurably the shells behaviour. In Figure 6.12 the moment
curvature response of the cylinder is given for two levels of internal pressure. For p/p, =
0.138, the behaviour deviates from the uniform ovalization response for imperfection
values of a,; = 107°, and limit loads reduce considerably for higher imperfection values.
This effect becomes increasingly pronounced at higher levels of internal pressure e.g.,
p/po = 0.467, where imperfection levels as low as a,; = 1078 lead to a load maximum,
at much lower curvature than estimates from ovalization analyses. Under pure bending,
imperfection values of a,; = 10™* are needed for the cylinder to follow the secondary
equilibrium path, reducing its limit load. The imperfection sensitivity of the pressurized
cylinder is depicted in Figure 6.13, showing the limit loads obtained from uniform
wrinkling analyses, plotted with respect to the imperfection amplitude for various levels

of internal pressure.
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Figure 6.12: Moment-curvature response of pressurized cylinder with various levels of
initial geometric imperfection
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Figure 6.13: Influence of imperfection amplitude in the maximum moment of the shell
and the respective curvature for various levels of internal pressure
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6.5 Localization of wrinkling

To investigate the localization of deformation and failure of the pressurized cylinders
under bending, models of length L = 304y, are employed with 10 elements per Ay, in
the axial direction. Initial geometric imperfection is introduced in the models in the shape
of the eigenmode of pressurized cylinder. Imperfection bias is introduced in the mid-
length of the cylinder, so that localization may initiate far from the supports: the

eigenmode profile along the cylinder is multiplied by factor f
f=1+a;/lay|sin?mx/L (6.3)

where a,; is the amplitude of uniform wrinkling of the shell and a; offers a preference in
the amplitude. Positive values of a,; introduce a maximum outward (bulging)

imperfection at the midspan, and negative imply a maximum inward (dent) imperfection.

6.5.1 Imperfection

In Figure 6.13 the maximum moment and respective curvature of the long cylinders under
various levels of pressure are plotted versus the maximum amplitude of initial geometric
imperfection, considering a preference a; = 3% a,; . The imperfection sensitivity
identified in uniform wrinkling is further exacerbated particularly at high pressures. For
p/po = 0.760 wrinkling localization is seen to occur well before the limit load from
wrinkling analyses with the same amplitude. For lower pressures, the limit loads and
curvatures from the full 3D analysis are somewhat lower but compare reasonably well

with the limit loads from uniform wrinkling.

The direction of the maximum imperfection has small influence in the pre-maximum-
load behaviour of the cylinder but influences the collapse configuration. Figure 6.14
shows the m — k response of the cylinder under pressure level p/p, = 0.138. Both
inward and outward imperfection leads to practically identical behaviours in the initial
post-buckling, up until and including the development of the limit moments and
curvatures. Before the development of the limit load, the wrinkle amplitude increases
uniformly along the shell. At the vicinity of the limit load, the deformation localizes in

the location of the maximum imperfection (Figure 6.15).

Immediately after the limit moment, an abrupt loss of bending resistance denotes the
section failure. In the case of outward imperfection, a primary bulging buckle develops,
and as collapse is initiated, at one of its sides an inward buckle develops which deepens

rapidly and deformation localizes. On the other side of the initial bulging buckle, two
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Figure 6.14: Influence of the direction of the maximum imperfection in the failure of the
pressurized shell (a) Moment-curvature response (b) Ultimate configuration.

eccentric secondary buckles may be formed, leading to a diamond buckling mode.
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Figure 6.15: Evolution of ovalization along the pressurized cylinder (p/p, = 0.138) for
(@) inward, (b) outward maximum initial geometric imperfection

In the case of inward imperfection, a primary inward buckle forms, whose depth increases
rapidly following the limit load, while eccentric secondary buckles may develop one or
both the side of its neighbouring imperfection crests. In this case, the post-limit load
moment reduction is more precipitous. It is noted that the secondary non-symmetric
buckles became visible at curvature just before 4, by which stage the cylinder moment
capacity was already reduced by 15%. These differences, dependent on the direction of
imperfection, arise immediately after the limit load but soon afterwards the m — k

behaviours converge again and become very similar for both types of imperfection.

For a high internal pressure, the post-buckling behaviour is altered, as an outward buckle
forms and deformation localizes symmetrically on the two adjacent wrinkle crests further
pronouncing the main outward buckle. This leads to the symmetric buckling mode in

(Figure 6.16), in agreement with the experiments at high pressure.

Figure 6.16 focuses on the deformation locally at the buckle in the vicinity of the
maximum moment and well after it (at k = 7k;). It further depicts the evolution of
ovalization along the simulated cylinder segment at increasing values of curvature.
Compared to the lower pressure in Figure 6.14, the wrinkle amplitude increases more
uniformly up to larger values before localization. Despite bifurcation being estimated at
k. = 1.5k, the wrinkle evolution is curbed by pressurization, so wrinkle amplitude
remains benign up to large curvatures k = 3.2k, (configuration 1) as noted by (Limam
et al., 2010). Before the limit load (configuration 2) wrinkles are visible and the greatest
amplitude is seen at the mid-length, where imperfection bias was applied. Figure 6.17
further shows the axial stress level in the pressurized cylinder at four stages of
deformation, which are also marked in Figure 6.16
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Figure 6.17: Axial stress in the buckled cylinder at different stages of deformation

A good comparison with the experimental response is seen for p/p, = 0.467 for
imperfection amplitudes of order 1075. This was indicated in Figure 6.13 and it is
consistent with the conclusions in (Limam et al., 2010). In Figure 6.18 the influence of
imperfection amplitude in the ultimate moment capacity of the cylinder and the respective

limit curvature are plotted versus the level of internal pressure.
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comparison with experimental data
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6.5.2 Constitutive modelling

The influence of the constitutive model parameter 6. in bending under pressure is similar
to that in pure bending. Small values can lead to substantial differences in the limit
curvature of the shell, and less pronounced changes in the limit load. The sequence of
events leading to failure is not altered: (a) initially the shell ovalizes almost uniformly,
(b) the onset of wrinkling is established, and the amplitude of the wrinkles increases
uniformly along the shell (c) wrinkling localizes, a limit moment resistance develops and

(d) collapse follows.

In Figure 6.19 the behaviour of the cylinder is given for pressure 0.138p, and two
imperfection amplitudes. For the associative model, the smaller imperfection amplitude
(5-107°) does not instigate collapse immediately after the limit load, as additional
bending deformation of 0.8k, is applied before abrupt loss of stiffness. For the larger
imperfection both take place concurrently, and this behaviour is also recorded with the
non-associative model: bending rigidity drops immediately after the limit load formation.
Limit loads develop earlier in the deformation history for increasing values of 6,.
Additionally, for 8, = 5, limit load develops at very similar deformation and load, for

both imperfection amplitudes.

In all cases, the steep reduction of stiffness in the shell’s behaviour signifies the transition
to the localized wrinkling configuration, characterized by a main bulging buckle. Well
into the dropping branch another bifurcation takes place, signified by the formation of
secondary buckles on either side of the main one, which develop gradually within the
dropping branch. In the cases of the J2FT and J2NA (6, = 2°), the cylinder ultimately
transitions to a diamond mode, while buckles grow more rapidly when the non-
associative model is used. By increasing the constitutive model’s angle to 6. = 5°, a
different secondary buckle profile is recorded, with eccentric buckles developing anti-
symmetrically on either side of the main outward buckle (Figure 6.19).
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Figure 6.19: Influence of constitutive modelling in the moment-curvature and ovalization
response of pressurized cylinder; exaggerated failure profile

6.5.3 Modelling of experiments
Simulations of the experiments by (Limam et al., 2010) are given in Figure 6.20 showing
agreement with the experimental curves for the levels of imperfections that were

suggested by the experimenters and investigated above.

158 Apostolos Nasikas - July 2022



Chapter 6: Bending under internal pressure

1.4
12}
i " am('106) =
50, 25, 5
1 L
o 8 i
=
~
S ol
D/t =52 41 D/t =52
2 L = 30)\HW L = 3O)\HW
' p/po = 0.000 21 | p/po = 0.200
0 0 .
0 2 3 0 2 4 6 8
1.5 1.5
50, 25, 5
nl 1| 50, 25, 5
=
~
=
5 5
D/t =52 D/t =52
L = 30)\HW L = 30)\HW
p/po = 0.311 p/po = 0.487
0 . : 0 .
0 2 4 6 8 0 2 4 6 8
1.5

50, 25, 5

5
D/t =52 D/t =52
L =30 gw L =30Agw
p/po = 0.600 p/po = 0.760
0 : : 0 : ‘ :
0 2 4 6 8 0 2 4 6 8
K/K1 K/K1

Figure 6.20: Comparisons with experimental data of bending under various levels of

internal pressure
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6.6 Conclusions

The structural response of a long internally pressurized thick-walled inelastic cylinder
(D/t =52) is examined using nonlinear finite element analyses, employing the
developed non-associative flow rule. Results demonstrate the influence of two instability
modes (ovalization and bifurcation) in the ultimate capacity and deformation of inelastic
cylinder and verify the observation of previous researchers about the effects of pressure.
The J2NA constitutive model is found to accurately reproduce the structural behaviour of
the pressurized shell, including ovalization, buckling, wrinkle evolution and localization,

ultimately leading to structural failure.

Bending tends to ovalize the cross section but internal pressure curbs the growth of
ovalization. A low internal pressure (less than say 0.20p,) has a stiffening effect in the
tube response, increasing the moment capacity and drastically delaying the ovalization
limit point. Increasing values of pressure cause earlier yielding, and as a result the
moment-curvature response of the shell develops a knee at progressively lower curvatures
for increasing pressure. This lowers the moment sustained by the cylinder at any
curvature, however, the maximum load at the ovalization limit point increases. It reaches

uncharacteristic levels, denoting that local instability governs the cylinder failure.

Bifurcation instability (buckling) occurs in the form of wrinkles developing in the
compressed side of the bent tube. Internal pressure delays somewhat the bifurcation point,
which, however, in all cases is estimated well before ovalization instability. Wrinkle
wavelength and width increase for increasing pressure loads. The secondary equilibrium
path is smooth, and wrinkles develops stably. Significant post-buckling bending
deformations may precede the localization of wrinkling, particularly for high values of
pressure. Localization of wrinkling causes the development of a maximum load, followed

by an abrupt loss of bending stiffness, which signifies the failure of the cylinder.

In the resulting dropping branch of the moment-curvature response, gradually with
additional deformation, a transition into non symmetric modes may occur for low values
of pressure, similar to the case of pure bending for cylinders with D/t > 45 . For high
values of pressure, the pressurization’s stabilizing effect leads to buckling localization in
an outward bulge at considerably higher loads and curvatures, consistent with
experimental results. Comparisons with data by Limam et al. (2010) indicate good
agreement with the analyses for the imperfection levels that were suggested.

The maximum load under uniform wrinkling shows sensitivity to imperfection, which
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increases for higher pressure levels. The ‘long” models indicate that wrinkle localization
occurs significantly earlier that the limit point in uniform wrinkling models. The
parameter 6. of the constitutive model somewhat reduces sensitivity to imperfection
amplitude, but also leads to less stiff behaviours, similar to observations in pure bending
and compression, indicating small values are more representative for the material. The
adopted approach is found to reliably model the cylinder behaviour, under the non-

proportional loading scheme due to the internal pressure.
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Early investigations by (Seide & Weingarten, 1961) in bifurcation instability of elastic
tubes under pure bending identified similarities to their bifurcation under uniform
compression. They concluded that bifurcation onsets when the nominal bending stress is
very close to the critical stress of the cylinder under uniform compression -eq. (7.1)-. This
similarity offered a practical way to estimate bifurcation of the elastic cylinders under
bending, yet, the resulting bifurcation moments were uncharacteristically high, so that

buckling was estimated to occur after the ovalization limit point obtained by Brazier.

In an improved approach, Axelrad (1965) postulated that bifurcation is determined by the
stress and deformation locally, inside the zone of an initial buckle. Based on this ‘local
buckling hypothesis’ (LBH), instability under bending occurs when the compressive
stress inside the buckle zone reaches the critical stress value of an ‘equivalent compressed
cylinder” with radius R, equal to the local hoop radius of the ovalized shell (Figures 6.4
& 7.1). This approach produces bifurcation estimates at moments which are lower than
the ovalization limit load and more consistent with experimental results. Onward, LBH
was successfully employed in investigations on bifurcation instabilities of elastic
cylinders under bending, accounting for the influence of support conditions (Stephens, et
al., 1975), pressure, initial curvature and non-circular cross sections (Fabian, 1977;
Karamanos, 2002; Houliara & Karamanos, 2006). Similarities between the buckling

behaviours under compression and bending were also considered for cylindrical shells
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loaded into the inelastic range by e.g. (Reddy, 1979; Ju & Kyriakides, 1992; Vasilikis,

2012).

This paragraph demonstrates the use of LBH in estimating bifurcation of elastic-plastic

cylinders under bending and internal pressure, based on their ovalization response. It

further explains the mismatch in behaviour of the bending wavelengths in elastic and

elastoplastic cylinders with respect to internal pressure: in inelastic cylinders pressure

tends to increase wavelength, while it has the opposite effect in elastic cylinders.
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Figure 7.1: Schematic representation of the local buckling hypothesis (LBH) or bending-

compression analogy in elastic plastic cylinders

7.1 Simplified bifurcation estimates

Using LBH in bending, bifurcation from the primary equilibrium path occurs when the

compressive stress g, at the intrados of the ovalized cylinder reaches the critical stress

value o, of an equivalent cylinder with radius R.,, equal to the local hoop radius of the

ovalized cross section. The wrinkling wavelength of the two cylinders is very similar. For

elastic cylinders, this hypothesis is written as:

E 1
T TelEe T T 2 Reg /1
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Vs
Anw = Acelpg = m

where R, is the local hoop radius at the most compressed location (intrados) of the

VReqt (7.2)

ovalized shell. Figure 7.1 shows a generalization of this analogy for inelastic cylinders.
Previous researchers adopted a simplified ovalization displacement field for linear elastic
materials and developed an analytic expression for the ovalization response of pressurized
elastic shells under bending. This was used in (7.1) to obtain closed-form solutions for
the critical bifurcation curvature k. and stress o., and eq. (7.2) provided the
corresponding halfwave length A,,,. These bifurcation estimates were found to be in
excellent agreement with estimates obtained using more sophisticated finite element

models.

Extending this approach to inelastic shells demands accounting for the interaction of
ovalization, pressure and the nonlinear, history-dependent material behaviour. This
complexity disallows the obtainment of a closed form expression for k.. Instead, a semi-
analytic approach is adopted, where the time histories of stress and local hoop radius are
sourced from the initial nonlinear ovalization analyses in Abaqus. Throughout the
bending history, the average axial stress at the intrados o, is compared to the bifurcation
stress o, ¢, Of the equivalent elastic-plastic cylinder with hoop radius R., and the same
level of pressure. Bifurcation from the primary (ovalization) equilibrium path is assumed

at curvature k., when oy reaches o p.

Ux|t(Kc) = Ocep (ko) = Oc.ep|EQ (7.3)

1-— ngO'g t

= 109, Req/t) = 7.4
% = Ocep (T 99, Req/t) \/3(CxxCBG_CxHC9x)Req 79

To calculate the elastoplastic bifurcation stress o, ., at any stage of bending, a local
iterative scheme is employed to solve eq. (7.4) in terms of a,,, which is the generalized
form of eq. (4.1) accounting for the influence of internal pressure - a detailed analysis on
the obtainment of this formula is provided in Appendix 3. C;; are the moduli of the
material compliance tensor C, the inverse of the stiffness tensor D, which is dependent on
the stress state (o, og) and the adopted material model. The average value of hoop stress
across the thickness at the intrados (ay ;) is used in calculations as hoop stress oy, sourced
from the ovalization analysis in Abaqus, or alternatively the simpler approximation gy =

pR/t which leads to the same results. The local hoop radius R, is calculated from the
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displacement field at the cylinder intrados for each increment of the analysis (the R,, —
K history is given in Figure 7.3). In the adopted non-associative constitutive model, the
flexibility tensor is further dependent on the non-proportionality angle 6, which is further
sourced by the FE analyses. Figure 6.11 shows that 6 takes low values at bifurcation for
all levels of pressure, hence the material moduli are similar to the moduli of the J2DT.
After the bifurcation point k. is identified by solving (7.3), the wrinkling halfwave

Anw = Ac.ep|gq 1S Obtained using (7.5):

1/4

(Cos)” (Reg)"” 15

A =
cepleQq =T 12(Cy,Cop — CxpCox) (1 — Cpp0y)

The above procedure of applying LBH in the buckling of inelastic cylinders under
bending is presented in Figure 7.2 for pure bending and internal pressure p/p, = 0.4.
Solving eq. (7.3) for all values of curvature, the critical stress o, ., 0f the equivalent
compressed shell is calculated and plotted in with a black dashed line throughout the
bending history. It reduces slowly with ovalization of the studied thick-walled cylinder.
The average axial stress oy (k) increases with curvature and its intersection with line
0..¢q denotes bifurcation using LBH, it identifies o, ¢, 5o and it is marked with () on the
graph. Bifurcation estimated in Abaqus is marked with (+). Generally, oy (k) is very
similar to axial stress at the integration point 4, positioned at the mid surface of the shell
which is included in Figure 7.2, that further shows the stress history of all 7 integration
points across the shell thickness. The same procedure is employed for pressurized

bending.

Using LBH, the estimates for the critical curvature k. are somewhat lower than the ones
obtained by the perturbation analyses in Abaqus, for all values of pressure. On the other
hand, the bifurcation stress and halfwave estimates closely agree with the numerical

results from the FE analyses (differences up of 1% in Figure 7.4).

An alternative, simpler approach to identifying the bifurcation using LBH is made by
using oy (x), g (x) from the ovalization analysis to identify the ratio R, /t of the
equivalent compressed cylinder that bifurcates under the current stress combination, by
direct substitution of gy, gg|; in €q. (7.4). Bifurcation is identified when R, /t from the
ovalization analysis of the shell reaches the value R..,/t, as shown in Figure 7.3.

Bifurcation estimates employing this expression of the LBH are identical to the estimates

using the more standard stress-based formulation used above. However, in this approach,
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Figure 7.2: Axial stress o, and the bifurcation stress o.., of the equivalent

compressed cylinder versus curvature under pure bending p/p, = 0.00 and internal
pressure p/po, = 0.40.

no iterative solution of eq. (7.3) is necessary, making calculations simpler and more
efficient.
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Figure 7.3: Hoop radius at the intrados over thickness R, /t vs curvature and the R ., /t
of the compressed shell that bifurcated under the loading oy;, g, @ simpler use of LBH.

In Figure 7.4 the estimated wrinkling wavelengths are plotted for the cylinder
(D/t = 52), subjected to bending and various levels of internal pressure. The wavelength
predictions from LBH, using the data from the ovalization analyses are further marked
with “x’. They are in line with predictions obtained using the FE models for all pressure
levels (differences up of 1%). It is noted that the compression material curve is used in
these calculations, which was found to produce identical estimates with Abaqus in the
problem of uniform compression. Estimated wavelengths follow the same trend as the FE
estimates: the wavelengths increase with pressure. For high levels of pressure, close to
the yield pressure p,, this increasing trend is curbed and reversed. This is caused by the
change of material behaviour at strain e = 2.1% (the stress-strain curve transitions from

a Ramberg-Osgood curve to a linear hardening branch).

The wavelength of the pressurized elastic-plastic cylinder under uniform compression is
further included in Figure 7.4, which follows a similar increasing trend with pressure, but
as it neglects ovalization it displays higher differences to the Abaqus estimates, that reach
8% for pure bending. The wavelength of the axially compressed cylinder, when assuming
elastic material behaviour (blue dashed line), does not accurately describe the influence
of pressure in the inelastic cylinder.

Apostolos Nasikas - July 2022 167



Non-associative plasticity for structural instability of cylindrical shells in the inelastic range

1.0 . . . . K
Experim. \
4+ Halfwave Model (FE) i
Equivalent E.P. Cylinder (LBH) [
0.8 Elastic Plastic Cylinder 7 i
Elastic Cylinder J[

0.6 ’/
i

p/ Do

D/t=52 /':'
O 1 1 1 3= 1 1
0 0.1 0.2 0.3 0.4 0.5 0.6
Aaw /R
10 T T T :i T T T
3\
0.8 4.\ -
0.6 + ‘-\ .
- 4+ Halfwave Model (FE)
= Equivalent E.P. Cylinder (LBH)
= Elastic Plastic Cylinder
0.4+ 4
0.2+ 4
D/t=52
O 1 1 1 1 1 1 1‘_
0 50 100 150 200 250 300 350

Oc

Figure 7.4: Wrinkling halfwave lengths and critical stress of the cylinder under bending
versus internal pressure using Abaqus and LBH.
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Figure 7.5: Critical moment of cylinder under bending versus internal pressure from FE
analyses and using LBH.
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Figure 7.6: Critical bending curvature of cylindrical shell under bending versus internal
pressure, calculated from FE analyses and LBH.
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Very close agreement, between the LBH and the FE calculations is seen in the estimated
critical axial stress o = 0. ¢p|po iN Figure 7.4, and in the moment M, in Figure 7.5 with
differences up to 2% and 5%, respectively. The LBH estimated bifurcation curvature
K. shows differences of ~15% to the ones calculated using Abaqus, thus offering a

conservative estimate.

The above analysis verifies that the bifurcation behaviour of inelastic cylinders under
bending exhibits similarities with the instability of cylinders under compression, which
persist in the presence of internal pressure. Using LBH and accounting for the material
elastic-plastic material behaviour, accurate semi-analytical approximations of buckling
stresses and wavelengths can be obtained, along with reasonable estimates of the

bifurcation moment and curvature, based on simple pseudo-2D ovalization analyses.

7.1.1 Application in bending under external pressure

Similar agreement is found in the bifurcation of cylinders (D/t = 49), investigated by
(Ju & Kyriakides, 1992) which are subjected to bending under external pressure. The
LBH is employed to estimate wrinkling-type bifurcation for low values of external
pressure, fractions of the cylinders collapse pressure p., which if applied on the cylinder

leads to collapse in an ovalization mode. Its value is expressed as:

3

Pe =401 + (1/12)(t/R)?) (ﬁ) (7.6)

where Dgg = Cyx/(CyxCoo — CoCox) 1S @ component of inelastic material stiffness

tensor, and ¢, R the cylinder thickness and radius (proof and discussion in Appendix 3).

In Figure 7.7 the LBH is employed to estimate bifurcation for a low value of external
pressure p/p. = —0.1, producing reasonable agreement with FE results. For a higher
external pressure (p/p. = —0.3) the cylinder bending stress does not reach the buckling
stress of the equivalent compressed shell and no instability estimates are obtained from
the LBH.

This behaviour is verified from buckling analyses performed in Abaqus for the externally
pressurized cylinder under bending, using finite element models as described in paragraph
6.1 loaded with external pressure (negative values of internal pressure). In Figure 7.8 the
ovalization behaviour and bifurcation point are given for various levels of external
pressure. For small fractions of p, the obtained bifurcation mode is characterized by

wrinkling in the compressed side of the tube (bifurcation points marked in ‘+”). For higher
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values of external pressure, a bifurcation point is found (marked with ‘0”) associated with
an ovalization buckling mode. However, the LBH fails to produce instability estimates
for p/p. values between -0.3 and -0.4 in which cases, Abaqus estimates instability after

the moment maximum.
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Figure 7.7: Axial stress oy, and bifurcation stress o ,, of the equivalent compressed
cylinder versus curvature for cylinder bending under external pressure
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Fully three-dimensional (localization) analyses further demonstrate that wrinkling-type
imperfection has small influence is in the limit curvature of bent cylinders, loaded with
high levels of external pressure (Figure 7.8), as ovalization instability dominates the
cylinders behaviour. In contrast, for high values of internal pressure, in Figure 6.18, the
role of imperfection is dominant in the performance of the cylinder, while ovalization

analyses grossly overpredict its load capacity.
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Figure 7.8: (a) Moment-curvature response of cylinder under external pressure (b)
bifurcation modes
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Figure 7.9: Limit curvature versus external pressure

7.2 Elastic versus elastic-plastic wavelength in pressurized
bending

Figure 7.4 shows that internal pressure tends to increase the wrinkling wavelength for
inelastic cylinders under bending. In the literature the opposite effect has been reported
for elastic cylinders: wavelengths decrease for increasing internal pressure (Houliara &
Karamanos, 2006). This mismatch in the cylinder’s behaviour is addressed below,

employing LBH.

The wavelength Ay, of the pressurized cylinder under bending is normalized with the
Acer = mVRE[12(1 — v?)]Y* which is the wrinkling wavelength of the cylinder under
uniform compression, assuming elastic material behaviour. Employing the LBH, the
wavelength under bending is equal to the wavelength of the ‘equivalent’ compressed

cylinder A¢ ¢y gq, calculated from (7.5). So, the normalized wavelength s is expressed as:

A A
s = HW _ 7c.ep|EQ (7.7)
Ac.el Ac.el

For elastic shells, the equivalent compressed cylinder is also elastic 4. .;zo, and it is

calculated using (7.2), so the normalized wavelength simplifies to:
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"[c el|EQ Req
— . — — 7~ 7-8
Sel )Lc.el R ’ ( )

This expression is used for obtaining the wavelength of elastic cylinders under bending,
and it clearly shows that s, increases for higher values of R, at bifurcation. In Figure
7.1, bending is shown to induce ovalization in the cross section of inelastic cylinders,
while internal pressure tends to counteract it, leading to lower local hoop radius R, at
bifurcation. The same effect was shown in elastic cylinders, so eq. (7.8) indicates that for

elastic cylinders under bending, internal pressure tends to lower wrinkling wavelength.

For inelastic cylinders, the normalized wavelength does not simplify in the same way.
Instead, it is expressed as:
Ac.ep|EQ Ac.el|EQ

A Reg -
s = =1(p,Reg/t) |—==1-# (7.9)
Ac.el|EQ Ac.el (p “a ) R

where A; o g¢ is the half wavelength of the equivalent compressed cylinder, assuming
elastic behaviour -eq. (7.2)-. The value of s is the product of two terms: (i) # accounting
for the change of local hoop radius at bifurcation compared to the initial configuration,
and (ii) the additional factor I(p, R.q/t) which accounts for the inelastic material

behaviour including the effect of the hoop stress level.

Lower ovalization (and a lower value of R,) is found at buckling of pressurized shells
under bending, so the term 7 reduces, which tends to reduce wavelength. From the LBH
calculations in Figure 7.3 for pure bending (p/p, = 0.00) and pressure p/p, = 0.40,
term 7 takes values 1.060 and 1.015, respectively. However, for inelastic cylinders the
factor [ increases significantly with pressure, which is demonstrated in Figure 7.10.
Factor [ is relatively constant for small changes in D/t but increases from 1.008 in pure
bending to 1.292 for p/p, = 0.40. As a result, despite the higher ovality at bifurcation
under pure bending, the normalized wavelength is s = 1.07, which is 15% smaller than
in the pressurized case where s = 1.30. It follows that the inelastic material behaviour
and biaxial stress state have a more pronounced influence on the wavelength. Figure 7.11
demonstrates the increasing trend of the wrinkling wavelength of compressed inelastic

cylinders with various D /t ratios with respect to internal pressure.
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Figure 7.10: Factor [ for compressed cylinders with respect to D/t ratio for various
levels of internal pressure
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In summary, the perceived mismatch in the wavelength behaviour in elastic and elastoplastic
cylinders bent under pressure is explained by the consideration of ‘equivalent’ compressed
cylinders. The wavelength increases with ovality, so internal pressure tends to reduce it.
Oppositely, buckling into the inelastic range under biaxial loading tends to increase
wavelength. The influence of ovality is less pronounced than the influence of plasticity, so
the latter governs the increasing trend of the wavelength with respect to internal pressure in

bending of inelastic cylinders, while the former in elastic ones.
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8 CONCLUSIONS

This doctoral work develops a new perspective in traditional instability problems of thick-
walled metal shells, where standard numerical simulation approaches do not always
produce reliable buckling predictions and rely on overly high geometric and other

imperfections.

A fundamental objective of this work is the development of a special-purpose constitutive
model for simulating the structural behaviour of thick-walled metal cylinders under
compressive loads and, in particular, accounting for their structural instability and post-
buckling response. The model assumes a Von Mises yield surface and a non-associative
flow rule, dependent on the direction of the strain rates, which mimics the effect of a yield
surface vertex. Fully elastic unloading is implemented for strain rates directed tangent to
or inwards the yield surface. In this model, any discontinuity in the plastic strain
production is eliminated for strain rate directions near the yield surface tangent, by
adopting a strain-direction-dependent non-associative hardening parameter A, which
moderates the production of plastic strain. Upon proper definition of h, the model’s
formulation can represent several pseudo-corner models proposed elsewhere, which

account for different material stiffness.

A two-branch flow rule is developed in the present plasticity model. For small deviations
from proportional loading, it employs the rate form of the J> deformation theory to inherit
its effectiveness in predicting bifurcation. For larger deviations from proportional
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loading, the plastic flow mimics the effect of a corner in the yield surface, constraining
the plastic strain increment to be directed within this ‘vertex’. The non-associative
hardening parameter h determines the model’s pseudo-corner effect and enables a smooth

transition to elastic unloading.

A robust integration algorithm is developed for implementing the constitutive model
using a backward-Euler scheme for three-dimensional (solid) elements, together with an
enhanced version suitable for shell element analysis. In both cases, the consistent
algorithmic moduli are derived. This implementation scheme maintains the main features
of the standard J. flow theory (J2FT), and it can be efficiently introduced in a finite
element code. Key modifications incorporate the non-associative behaviour and offer a
versatile framework for implementing various other pseudo-corner plasticity models in
an implicit numerical environment, while meticulously accounting for the non-standard

material behaviour.

The model is programmed and introduced in the commercial finite-element software
Abaqus as a material user subroutine (UMAT) for shell element analyses. Several
benchmark problems of inelastic shell buckling are simulated, demonstrating the
capabilities of the model. The structural behaviour of thick-walled cylindrical shells is
considered under various monotonic compressive loads, which are characteristic for
tubular structures and pipelines. The most important advantage of this model is that the
analyses use a single constitutive law for both tracing the equilibrium path and estimating
instability, using of the capabilities of the software. The bifurcation estimates from the
present model agree with experimental data in a range of loading conditions. The results
demonstrate that the present methodology can accurately and efficiently predict buckling
and post-buckling into the inelastic range. Numerical analyses investigate further aspects
of the structural response of tubulars in the inelastic range, factors that influence their
post-buckling performance, and comparisons are made with results obtained using the
J2FT.

Starting with uniform compression, buckling estimates compare well with available
experimental data and analytical solutions. They are juxtaposed with the high load and,
more markedly, large deformation estimates obtained from the J2FT and the low
estimates obtained from the pseudo-corner model by Simo (1987). The analyses go
beyond buckling, investigating the post-buckling response of compressed cylinders. The
growth of wrinkles, the localization of deformation and structural failure are addressed,

accounting for the influence of geometric imperfection. In spite of the trivial pre-buckling
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equilibrium path under uniform compression, significant non-proportional loading is
shown to follow tube-wall wrinkling, and the influence of non-associative modelling is
clarified. Finite element modelling allows for accurately tracing the structural response

of compressed thick-walled cylinders well into the post-buckling regime.

The problem of pure bending is addressed next, characterized by a non-trivial pre-
buckling path, involving biaxial, non-proportional loading, which occurs prior to
bifurcation. Numerical analyses successfully estimate inelastic instability and trace the
structural behaviour of cylinders, their ovalization, wrinkling and post-wrinkling.
Cylinders with various D/t values are considered, examining the influence of
constitutive modelling and imperfection. The structural behaviours obtained with this
model are in good agreement with experimental data for a range of thick-walled tubulars,
showing their deformation capacity and ability to sustain load beyond yielding and

bifurcation instability, depending on their D /t value.

Followingly, bending under uniform pressure conditions is considered as a problem with
inherently non-proportional loading, where the two loads are applied in sequence (first
pressure, then bending). Low values of internal pressure have a stiffening effect, reducing
ovalization and delaying ultimate load formation in cylinders. For increasing values of
pressure, wrinkling is found to grow stably for an increased range of deformation and the
imperfection amplitude has greater influence in the ultimate load capacity of the section.
Localization of deformation instigates the collapse of the cylinders and, depending on the
pressure level, it can alter the failure mode of the section compared to pure bending.
Simulations of experimental data show the capability of the developed numerical tools to
describe accurately the structural behaviour, instability and post-buckling response of
pressurized cylinders subjected to bending.

In the final part of this thesis, a simplified method is considered for estimating buckling
of thick-walled cylindrical shells under various loading conditions. It is used primarily to
predict the buckling load and deformation of cylinders, and it explains the increase in
wrinkling wavelength of inelastic cylinders, when they are subjected to bending in the
presence of internal pressure. This is the opposite to the effect of internal pressure in

elastic tubes, an issue pinpointed in experimental observations.

Overall, the results in the present research work demonstrate that the developed numerical
approach can be used as an effective tool for performing calculations in shell instability

problems. It can accurately reproduce the structural behaviour of inelastic shells under

Apostolos Nasikas - July 2022 179



Non-associative plasticity for structural instability of cylindrical shells in the inelastic range

compressive loads, predicting structural instabilities and tracing the post-buckling
response. The model can be employed towards the assessment of the structural behaviour
of tubular members and may be integrated as a tool in pipeline engineering design and in

analysis of shell structures.

Novelty

A key contribution of the present research is the development of a constitutive law that
can be efficiently incorporated into finite element tools, allowing for reliably simulating
the structural behaviour and instabilities of shells subjected to compressive loads into the
inelastic range. Numerical tools are developed and successfully tested on cylinders under
various loading conditions, proving the capability for both (a) accurately predicting
bifurcation and (b) consistently tracing the post-buckling equilibrium path of shells, using
a single constitutive law, when traditional approaches employ a distinct material model

for each function.

Analyses show the applicability of the developed model in big-scale finite element
simulations of thick-walled cylinders subjected to a range of compressive loads, not
limited to problems with trivial prebuckling paths and simple loading histories, e.g.
uniform compression. Simulations provide reliable buckling estimates for cylinders under
bending and pressure, which are characterized by non-trivial equilibrium paths and non-

proportional loading prior to bifurcation.

Comparisons with available experimental data and analytic predictions demonstrate the
effectiveness of the present approach, allowing for monitoring the structural performance
of thick-walled cylinders, predicting their ultimate load and deformation capacity.
Numerical investigations offer insight in the evolution of local buckling and verify the
ability of thick-walled members to sustain loading into the inelastic range before
structural failure, in analyses considering ‘vertex-type’ effects. They indicate that
accounting for the development of small yield surface corners (i.e. 8, = 2°) in metal
materials suffices to describe the structural behaviour of metal shells and alleviates the

sensitivity to geometric imperfection that standard plasticity exhibits.

Recommendations for future research

An important extension for this work could include experimental studies on the behaviour
of structural metals, subjected to non-proportional strain paths, to examine the material
stiffness. These can provide useful insight towards the calibration of the constitutive
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model, offer the means to refine the definitions of the material hardening h and to directly
determine parameter 8., which is expected to take small values, as the present work

indicates.

Several fundamental problems of tube buckling have been addressed in the context of the
present research. Further investigations can be undertaken for tubulars subjected to
compressive and pressure loads, particularly for high-strength steel members, whose
design under present guidelines may be quite conservative. To address problems of
instability under reverse or cyclic plastic loading, the model can be extended to adopt
kinematic hardening, along with the non-associative flow rule. In pipeline engineering,
the reeling installation method offers a classical example, where tubes are bent and
straightened before deployment in the seawater and must be designed against local
buckling. The introduction of Hill’s yield criterion would further allow for the
consideration of yield anisotropy, and its influence in the structural performance of tubes.

Besides tubulars, problems in buckling of spherical shells and plates could be addressed,
starting with the classical problem of torsional buckling of cruciform columns, which still
attracts research attention. The applicability of the developed approach in metal forming
simulation could be considered, as in the relevant literature interest has been directed in

accounting for non-associative material effects, with positive indications.
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APPENDIX 1: DETAILS FOR THE NUMERICAL
IMPLEMENTATION OF J2NA

According to eq.(3.35), the deviatoric stress tensor at the converged state is expressed as:
Sn+1(4q, T, A€) = \[2/3 kyiq Ny
=2/3kpyq [cos({® — ") ny, +sin(® — {*) my,,]
(10.1)
=2/3kni1(dey) -
[cos({(4e) — ") my, + sin((?(de) — ) my, (de)]

From equation (10.1), the following derivatives are obtained, which are used in the

calculation of linearized moduli:

Sn+1,4eq = 2/3 Hpy1Npyq (10.2)
Sn+1,y = —V2/3kpiimyyy (10.3)
S L~ om
Suerge = V2/3kner My ® 514 sin((® - ¢ = (10.4)
where
. 2G e .
% = el [—sin{®n, + cos{®m,] (10.5)
om, 1 dev
[I -n,Qn, —m,; mn] (106)

ode _ |[del|sin6,

Equations (10.5) and (10.6) are obtained by differentiating the definitions in equations
(3.18) and (3.12) respectively. The ratio sin {/sin 8,, which appears in (10.4), may
demand care under proportional loading as both angles approach zero. In such cases the

ratio may be substituted by the value (ZGw/3/2 llde|l — 3GAsq)/kn+1, obtained at the limit

6, — 0. Additionally, since 8¢ = 6,, — (¢, the following expressions can be derived:

e __

2e = TZell [—sin 6,, n,, + cos 6,, m,, ]

. (10.7)

lIsell

[—sin{®n, + cos {°m,]

Expressions (10.1)-(10.7) are applicable for the integration algorithm and its
linearization, irrespective of the definition of h, and refer to both three-dimensional and

shell elements.
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First branch of the model (6% < 6,.)
For the first branch of the model, the algorithm reduces to the system of equations (10.8)

and (10.9), which is solved numerically, employing a local Newton scheme.

2
qe
Fi(de,, (% de) =F,y =1+tan?* —|—————— | =0 10.8
1( Eq{ e) pl + tan { [kn+1+3GA5ql ( )
tan 6°¢
F,(4e4,{",Ae) = tan{" — 1= 0 (10.9)
where
R e [ AL [ L =S (10.10)
2G||Ae]| cos 6¢ 3G 2GAe - s¢ 3G '

The derivatives, used in the Newton scheme are:

e 2
H + 3G
Fpr, =2 q nl (10.11)
deq Kns1 +3GAg,| knyq +3GAe,
Fpi¢+ = 2tan{* (1 + tan®{*) (10.12)
F ) 3G s¢
Pl e == 2 (1013)
[kn+1 + 3GAg,]
tan 6¢ [Isé]| Ohy41/04¢g,
F = 10.14
24eq (¢ — 1)2 2G||de]| cos 6¢ 3G ( )
Fpro=1+ tan? ¢* (10.15)
1+tan®60°
Fz,Ae = - c — 1 'Ae
(10.16)

tan 0°¢ 1 s¢ |s€]| [se
(c —1)?% ||de]l cos B¢ | ||s¢|| ||Ae|| cosOe 2G

A1
1
' 5]

Those derivatives are also employed in the linearization of the model.

+ Ae]

Remark: Following a relevant discussion in paragraph 3.3, equation (10.9) offers an

explicit expression for {*, which can be used to eliminate {* from (10.8), leading to:
F,1(4ey, Ae) = Fyy(dey, 07 (4ey, de), de) =

sin 6¢ (10.17)

2
sl [ i cos e _lkn+1+3GAeql
2GAel] 1+ cosf

1+
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For the three-dimensional formulation, equation (10.17) can be solved for 4¢, which is
next substituted into (10.9) to provide ¢*. Therefore, single variable equations need to be
solved to define each of the unknowns. The derivatives used in this alternative expression

of the problem and the subsequent linearization are:

Fone, = For 4 Fyr Coo = For o +Fyy (=225 (10.18)
pLagg = I'plae, pLo-Saeg = Plasg © " Ple Fpa¢- |

P (10.19)
) ) Fp2,a

Forae = Fpipe + Fp1pCae = Fprpe ¥ Fp1pe (_ FZZ €e> -

Remark: Either version: F; = F,; or F; = Fp; can be used in solving for 4¢,, {* and
either may be used in the subsequent linearization of the model, leading to identical

results.

Second branch of the model (67 = 6, )

For the second branch of the present model, equations (10.21) and (10.22) are solved

numerically.
k +1 2 2 qe 2
F, = Fy,(d¢,, de) = [Aeq + ?’:—G + [de, tan 6] — (E) =0 (10.21)
3GAg, tan 6,
F,=sin{* ———— =0 (10.22)

qe
Using only (10.21), the equivalent plastic strain increment Ag, can be obtained directly.

Subsequently, (10.22) may then be solved to find {*. The derivatives necessary for the

solution of the two equations, also used in the consistent linearization, are:

Fpa,ae, = 2 [Asq + % [1 + 1'131;;1] + 24¢g, tan” 6, (10.23)
Fpa =0 (10.24)
Fpae = —6G s°/(3G)? (10.25)
and
3G tan 6,
Fopeg=——5— (10.26)

qe
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Fy ¢+ = cos{” (10.27)

3GAe, tan 6, 3Gs*
q° (g°)?

(10.28)

FZ,Ae = -

Explicit definition of h(4d¢,, 6)

A similar methodology can be applied in the case where a function h(4e,, 6) is defined
explicitly. Adopting such an approach, the model by Pappa & Karamanos (2016) could
be integrated and linearized, with h defined as reported Table 2.2. The system of
equations (3.31) and (3.32) can be solved in terms of (Aeq, {*) with 6 = 6° 4+ {*, and it

can be written as follows:
For(de,, 7, Ae) = q° cos {* — [kn4q +3GAgy] =0 (10.29)

3G||de||sin(6® +{*)
1+h,,,/36

Lyr(4e,, ¢, de) = q°sin{* —/2/3 0 (10.30)

with
hnt1 = huy1(de,, 0 = 6%+ 7) (10.31)

The derivatives used in the integration and the linearized moduli of the model are:

FpH,Asq = _[Hn+1 + 36] (10-32)
Fpree =—qfsing” (10.33)
3Gs*® .
Fohse = e cos{ (10.34)
and
3G||de|| sin(6° + ) A1
Lyfise, = +2/3 Iell sin(67 + £7) Pns e, (10.35)

[1+ha./36]° 36

Lyrg =4q°cos{”

\/2—/33GIIAeI| cos(6° + {*) m3GllAeII sin(0€ + () hpsrg| (10-36)
1+ h,41/3G [1+ /367 36
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3Gs® |
LPMe: e sin{

3G sin(6° + {¥)
1+ hp41/3G

—[ﬁ

3G||de]| sin(6¢ + ¢*) Enﬂ,”Ae”] Ae

—2/3 [1 N f_ln+1/3G]2 3G I2el| (10.37)

3G||4de]| cos(6€ + ()
1+ h,./3G

—[ﬁ

3G||dell sin(6¢ + {*) hpi10
[1+FR,q/36]" 3G

-/2/3 lej,e

Enhancement for shell element implementation

For shell element, the extra unknown strain increment component A&53 needs to be
calculated using the additional condition (3.52), to define the plastic corrector. The latter
can be rewritten in the form of equation (10.38) below:

Fshell(qu'z*'As(AE%)) =a°Sp41 —Pny1 =0 (10.38)

and its derivatives used to solve the 3x3 system are:

Fshell,Asq = @& Spt1,4¢ (10.39)
Fsheug = a-Spy10r (10.40)
Fshell,As33 =a-Spyipe — K (10.41)

For the two branches of the J2NA model, F, can be easily rewritten as an explicit
expression of angle {*(4e,, Ae(4es3)). This allows for the system to reduce to a single
equation of a scalar unknown 4g,, for three dimensional elements. Similarly, for shell
element implementation, the explicit expression for ¢* allows for the solution of a simpler

system of two unknowns (Aeq,A£33), expressed as follows:
Fi(dey, Aes3)  =F(dey, 0 (Aey, Aess), Aess) =0 (10.42)
Foneu(deg, Aess) = Fopen(dey, {7 (Aey, Aess), Aesz) = 0 (10.43)

To solve the system of equations (10.42) and (10.43), a local Newton scheme is used;

assuming from some trial values (Aeq,Aeg3), functions F;, Fyp,.;; and their derivatives
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are calculated. A correction to these trial values (5(Aeq), 6(A533)) is obtained as:

Aqq Alz] §(4¢,) [bl]
' = 10.44
A1 Azz] | 5(des3) b, ( )
or
[5(Aeq) _ 1 [Azz —Alz],[bl] (10.45)
§(des3) Ay Agy — App Ay =42 Agq b,

In the above equations, A;; and b; are obtained by the following expressions:

oF, *
A = ade, = Fipe, + Fi1,0:Cae, (10.46)
F, .
41z = dhe; O [Fuae + Fuz-Cae] (10.47)
¢ aﬁh l *
Aor = Gaet =2 [Snnaey + Snng ey (10.48)
aﬁh l *
22 = ~—=a- [a “Spy1e T A" Sn+1,(*(,Ae] —K (10.49)
04¢&33
and
bl = _ﬁl(qu,A("::;:;) = _Fl(quJ (*(qu,A£33),A£33) (10.50)
b, = _ﬁshell(qu;A‘g%) = _Fshell(qu'{*(qurA€33)rAg33) (10.51)

The derivatives (. , {je can be calculated by differentiating ¢*(4e,, de(4és3)), or

equivalently, directly from F,:
Caeq = — Frae,/Fa (10.52)
Cne = —Fane/Fap (10.53)

Derivatives Sn+1,4e0 Sn+10% Sntvae Fraeg s Fues Frae, Figes Faneg Fags Fae have

been presented earlier in this Appendix, and are summed up in Table 10.1.

The trial values of A¢; and A3 are updated as follows

Aeg « Agq +6(A£q)

10.54
Agsz5 « Aeg3 + 6(Ae33) ( )

and the iterative process continues until both b;, b, vanish, as indicated in Table 10.1.
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Table 10.1: Newton scheme for solving the system of F; and Fy,,; for the two
branches of the model for shell elements

n, = Sn/llsn”: ky = k(5q|n)
Ae; =0, 8(4ey)=0,F =0
Agz3 =0, 8(dez3) = 0, Fypey = oo
WHILE max{|F; |, |Fspen|} > TOL
Aeg = Agg + S(Asq), Aez3 = Agzz + §(Aées3)
Ae = A€ + Aezza

6 =0, +DAe , s®=1%¢® =35, +2GAe
p¢=-1/31-0c°), q€ =+/3/2|s¢||
9 s, - de [19¢V —n, ® n,] de
cosf, = ———, m, =
" lIsglllldell " I[1¢” — n, @ n,] de ||
e S, s°¢ ge de - s€
cos{f = ———, cosff = —————
lIsIllIsell ll4elllse|l
{%e (10.5), 2e (10.7), my, s (10.6)
1%t branch 2" branch
sin 6¢
* 3GAs, tan @
¢ S 1+ ] —coser =
2G| Ae]| 3G 1
0=0°+,¢=0°=-("
n,.; = cos{n, +sin{m,
m,.; =—sin{n, +cos{m,
Snt1 = 2/3 kny1 npy4(10.)
Sn+1,A£q(1O-2)v Sn+1,(* (10-3)1 sn+1,Ae(1O-4)
1%t branch 2" branch
F, &F, (10.8) & (10.9) (10.21) & (10.22)
Fiae, & Fose,  (10.11) & (10.14) (10.23) & (10.26)
Fioo&Fyp  (10.12) & (10.15) (10.24) & (10.27)
e <
Fine&Fyne  (10.13) & (10.16) (10.25) & (10.28)

F,  =F (e, (", Aess)

Fshell = Fsheu(qu» f*:4533)(10-38)

Calculate A4, A2, A51, Az, and the corrections §(4e, ), 5(Aes3)
A1 = Fiae, + Fi0:0ae,

A, =a- [Fl,Ae + Fl,(*(,*Ae]

Ay =a- [Sn+1,Asq + 5n+1,(*(,25q]»

Apy=a-[a-spiipet+a- 5n+1,(*(,2e] -K

where Gy = —Fone,/F200 $ne = —Fze/Fagr

[S(Asq) 3 1 [AZZ —Alz].[—lfl ]

8(dess) | A1z — ApAzy 1=A21 An Finou

END
Remark: For 3D elements, only F; (4e,) = F;(4e,,{*) = 0 needs to be solved. The

correction to Ae, using a Newton scheme is ontained as § (Asq) =-F /Fllqu.(10.46)
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APPENDIX 2: DETAILS ON OTHER MODELS IN THE
LITERATURE

In this appendix, some additional details are provided about the formulation properties
and implementation of material models in the literature. Namely, the limitations of the
model by Hughes & Shakib (1986) are indicated and implementation schemes are
developed for the J2DT, and the original model by Simo (1987).

Limitation in the model by Hughes & Shakib (1986)

Hughes & Shakib (1987) developed an associative “pseudo-corner” model, incorporating
increased plastic flow for non-proportional loading paths. It employs a modified
hardening modulus H explicitly dependent on the strain rate direction (angle 8), defined

as:

_ H\ cos@
H =36 <(1 + ﬁ) — 1) (10.55)

with

o~ 6 } (10.56)

l/)(G) = max{O, T[/ZT[/Z——HC

and 6, was suggested as a material parameter to be calibrated form experimental data.
However, from Drucker’s requirements, plastic work must be positive (s - é? > 0), which

creates a restriction for 6,.:

ep w*(6,e
$-eP>0 o 2G(é—¢€P)-eP >0« c056?>II IT_ ( q)

= 10.57
~ llell 1+ H/3G ( )

which under the definition (10.56) demands 6, < (n/2)/(1 + 3G/H) = 0. ;max- This is
restrictive for materials with low hardening 6. 4 = 0, and the model allows for very
limited increases in the plastic flow compared to the J2FT. Yet, different definitions (6)
may provide further applicability in materials with low hardening. Simo (1987), also
noted that under non-proportional loading, this plastic flow may be accompanied by a

reduction of the initial radius of the Von Mises yield surface, making it a softening model.
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Implementation of J, Deformation Theory

As discussed in paragraph 2.4 the J2DT is a total strain theory, postulating there is a one-
to-one relation between total strain and stress, so no integration is needed for
implementation in an FE environment. However, in an incremental analysis, a stress
update algorithm is used to calculate the size of plastic strain after an imposed strain
increment Ae. Isolating volumetric and deviatoric parts of the strain and accounting for

additive decomposition, it can be easily seen that:

€41 = &, + A€ (10.58)

et +eb  +tr(e,y1)/31=¢€¢ + el + Ae+tr(e, + 4g)/31 (10.59)
From the postulate that total plastic strain and stress are codirectional it is:

e =s,/26 =/2/3q,/2Gn,, eh =./3/2¢e4mn, (10.60)

en+1 = Sn+1/2G = \/mCInH/ZG N, e, = mgq|n+1nn+1 (10.61)
So that the deviatoric part of (10.59) takes the form:

J3/2 % + qnst | Nss = /372 [g—g + qn| 1y + de (10.62)
This defines the direction of the final deviatoric stress tensor

2/34e + [qn/3G + ggpu |0y

N, = (10.63)
V273 2e + [4,/36 + £qpu]ma||
and its amplitude is calculated by solving:
V273 2e + [41/36 + £qpultn || = Gus1/36 + g (10.64)

It is advantageous to square (10.64) and further using the consistency condition q,,,; =
kn+1 = k(&gn+1), equation (10.65) is obtained which is solved in terms of egj,41 t0

identify the size of the plastic part of the strain, to be used together with eqg.(10.63) to find
what is the new stress state.

For(deg) = k3—G + sqmﬂ]z - V273 laell] - [22+ ean]
—Z(M)(g—gﬂqln)nn-z\e =0

And the derivative

(10.65)
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kn+1 Hn+1
Fore, = 2|55+ eann] (S5 +1) (10.66)

A schematic representation of this implementation scheme is provided in Figure 10.1
juxtaposed to the backward Euler integration for J2FT.

J, Flow Theory J, Deformation Theory

Figure 10.1: Stress update algorithm for the J2FT and J2DT.

The algorithmic moduli are obtained as described in paragraph 4, and their form is

identical to the rate form and the tangent continuum rigidity

26
1+ 3G/hysq
26
+ —_—

1+3G/H,,q

DS, = K1V + [19¢v

— Ny ® nn+1]
(10.67)

11 @ nypyq]

Implementation of the model by Simo (1987)
The key properties of model by Simo (1987) were presented in paragraph 2.6. Below, a

backward Euler integration scheme is presented, accounting for nonlinear isotropic
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hardening. This model can be directly addressed via the developed framework for J2NA,
for any definition of the explicitly chosen function 8(9, Aeq). The plastic strain increment

is expressed as:

1

THho /3G [19¢” — 0,41 @ nppyq] de (10.68)
SM

AeP = \/3/2Aeqgnpyq +

where hg,, is calculated by the demand tan 87 = §(8 = 0° + {*,4Agg), and the internal

variables are obtained by solving the system of:

. ki1 g q°€ ? a
Fy = F5(de,,¢*) = [qu +2] (§> +4e282=0 (10.69)
F, = F5,(4¢,,0") = 3GAg,6 — q°sin{* =0 (10.70)
and
P = 2[ae, + K1) {1 4 Bnt1) L one 52 4 206285 (10.71)
Sraeq = &+ 3G + 3C + 24,07 + 24¢g4 Aeq .
Fg,0+= 24288 (10.72)
F3,00= —6Gs® + 24e288 905, (10.73)
F30.4e, = 3G 8 +3GAeq8 s, (10.74)
Fso0 = 3GAEq(§’9 —q®cos{” (10.75)
s¢ R
F04e = —3G ?sin (" +3GAe;090%, (10.76)

The derivatives 8,9 and S,qu are known. Furthermore, due to the geometric meaning of

the specific § = tan[max(8, 6,)] in eq.(2.35), further simplification of this scheme is
achieved, eliminating ¢* from (10.69). For the first branch of the model the procedure is
given below, while for the second branch the result is identical to the second branch of
the model presented in in paragraph 3.1.2 and Appendix 1. A geometric representation of

the return mapping scheme for the two branches of this model is offered in Figure 10.2

In the first branch, the straining angle is < 6, and § = tan 6 = tan 6P, so the plastic
strain increment forms an angle 6 P = 6. The sine law offers a simple way for expressing

angle 6 from further calculations:
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(q° sin 6¢)?

tan? 0 =
an gz — (q°sin 6¢)?

(10.77)

Which inserted to (10.69) and accounting for consistency, leaves only the plastic strain

increment Ae, as an unknown. The system of equations (10.78), (10.79) must then be

solved.
Kni1]” (qe>2 (¢° sin 6°)?
F A =14 — | == Ag? =0 10.78
s ( Eq) [ g+ 3C ] 3C + Agg K2 = (q° sin0)? ( )
(q¢sin ¢)?
*\ 2 * —
Foua(4ey, () = tan?(6¢ + ¢7) — o (e sn) (10.79)
With the derivatives
_ kn+1 Hn+1] (qe sin 93)2
Fom.ae, = 2 [AE" T36 Hl t 36 | T %z (e sinee)y?
o (10.80)
_ pe? (q°sin6¢) ok H
U, — (g smaey ]
Fspig- =0 (10.81)
k2 ¢ sin 6¢)?
Fsmipe = +485 72 n+i(gqe sinHZ)z]z 2q°sin 6° (6Gse sin 6¢
nrt (10.82)
Se
e epe Y_o"
+ q° cos @ ,Ae) 236
(q¢sin 6¢)?
FSMZ,ASq =+ [k721+1 _ (qe Sinee)z]z [2k77.+1HTl+1] (10'83)
Fsuig- = 2tan(0° + ¢*) [1 + tan®(6° + {*)] (10.84)

FSMl,Ae =2 tan(ee + 6*) [1 + tanz(ee + (*)]Q'Ze

2k2.,q°sin@¢ o e e o ne (10.85)
Tk 1_(6135111‘9(3)2]2[665 sin@° + q° cos 6 H,Ae]
n+

The algorithmic material moduli are obtained as in the Appendix 1 using the above data.
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1stbranch 2" branch

Figure 10.2: Geometric interpretation of the return mapping of the model by Simo
(1987):(a) in the corner branch (6 < 6.) and (b) in the critical angle branch (6 > 6,), for
a given stress state and strain increment
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APPENDIX 3: BUCKLING STRESS OF AXIALLY COMPRESSED
SHELLS IN THE PRESENCE OF PRESSURE

In this Appendix, the principle of virtual work is employed to obtain the analytical
expressions for the bifurcation stress of elastic-plastic cylindrical shells under
compressive loads. Buckling under axial compression and pressure loads is addresses
first, which leads to an axisymmetric wrinkling mode, uniform along the cylinder.
Followingly, bifurcation into an ovalization mode is examined for inelastic cylinders

under external pressure and axial load.

Figure 10.3: Cylindrical shell and displacement field in cylindrical coordinates

Kinematics

Considering a circular cylindrical shell of mean radius R and wall thickness t, described
in a cylindrical coordinate system (x,6,z), with the corresponding displacements
(u, v,w) and employing the Donnell kinematic relations, the membrane and bending

components of the strains are expressed as:

w

Exx = Uy + 7" (10.86)
17,9+ w 1 W,g— U 2

€gg = R 5( R ) (10.87)
1 u, 1 (w,g—v)

ng = E (? + le ) + EWJx T (1088)

Kyx = —Waxx (10.89)

1
Koo =~ 13 (W,90— Vg ) (10.90)
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1
Kxg = — ﬁ [W1x0+ (foG_ Vix )] (1091)

The strain at all points across the shell thickness is calculated as:
gab = 80_'[7’ + z Kaﬂ (1092)

and the stresses are connected to the strains though the instantaneous constitutive relations

of the material model under consideration, is expressed as:
&ab S Daﬁy(gc‘:%y(g (1093)

where D, 5 are the instantaneous material moduli (material tangent tensor -eq. (2.51))
accounting for a,, = 0 (condensed material moduli — eq. (3.58)). The force and moment

intensities are:

t/2

Nyp = f Gqp Az (10.94)
-t/2
t/2

Myp = f OapZ dz (10.95)
—t/2

Bifurcation stress and wavelength of pressurized cylindrical shells
under compression

A thick-walled cylindrical shell of mean diameter D, radius R = D, /2, thickness t, and
cross-section area A is loaded with internal fluid pressure p and subjected to an axial
compressive force F, as shown in Figure 10.4. Gellin (1979) showed that the first
bifurcation mode of shells under compression takes place in an axisymmetric, periodic
mode. A similar instability mode is encountered in cases of cylinders under internal
pressure (Paquette & Kyriakides, 2006). The shell experiences instability at a
compressive axial stress o..,, whence it transitions to an axisymmetric, uniformly
wrinkled buckling mode, periodic along its length, with a wavelength equal to 24,

indicated in Figure 10.4.

Axis-symmetry implies that displacement v =0 and u,g =w,g =0, so the shell

kinematics reduce to the following:

Exx = Uy + W5/2 (10.96)
Egp — W/R (1097)
g0 =0 (10.98)
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Kyx = —Wxx (10.99)
Kgg = 0 (10100)
Kep = 0 (10.101)

Figure 10.4: Bifurcation into a periodic axisymmetric wrinkled shape of pressurized
cylindrical shells under axial compression
The principle of virtual work (PVW) for shells under conservative external forces is

expressed as:
61 = 6U,, +6U, + 602 =0 (10.102)

where U,,, is the membrane strain energy of the shell, U, the bending strain energy, and
Q is the potential energy of the external conservative loads, equal to the negative of the

work done by the loads as the structure is deformed.

For compressed pressurized cylinders, in the prebuckling configuration deformation is
longitudinally uniform, while it remains periodic axisymmetric when buckling onsets. So,
it is sufficient to address a single halfwave of the shell to identify instability, and the

virtual work terms reduce to:

(SUm = J-{Naﬁ(Seaﬁ} ds = j{Nxx(ngx + N995899}d5 (10103)
S S
SU, = f {Mypbr,p}dA = f {M,8K,,} dS (10.104)
S S
1
60 = [ ~pned fw + 55 0 + vwig= vigw -+ W} ds (10.105)
S
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A 21 1
= —p. (w2
'pmtRfO fo 5{W + R (w )} dxd6

where S is the surface of the one halfwave long cylinder segment. To identify the onset

of buckling, an arbitrary small perturbation of the displacement field is assumed:

u=uy+u 10.106)
0T U (

v=20 (10.107)

w=wy,+w 10.108)
0 1 (

So, the membrane strains and curvatures are:

Exx = Exxo t Exx1 T Exxz = Ugx FUpx FWi,/2 (10.109)
£00 = €90 T+ €001 =wy/R +w;/R (10.110)
Kxx = Kxxo T Kxx1 = 0 — Wiy (10.111)
kg = 0 (10.112)

In the above, the notation by (Bardi, 2006) is used, where the additional indices 0,1,2
refer to the order of different terms of strain and curvature components. The force and

moment intensities, accounting for the prebuckling equilibrium, are expressed as:

Nix = Nyxo + Nyx1 = —ot  +t[D118xx1 + D128g01] (10.113)
Ngg = Nggo + Nog1 =PintR  + t[D12&xx1 + D228001] (10.114)
M = Myxo + Myx1 = 0 +t3/12[Dy1kyr] (10.115)
Mgy = 0 (10.116)

where D11 = Dysxxs D12 = Dyxxo9r D22 = Dogog-

Substituting (10.103)-(10.116) to (10.102) the PVW takes the form:

A
f { (Nxxoagxxl + NogoGegor + MyxoO0Kyx1 — pint5w)
0

(10.117)
+(Nxx15£xx1 + Nxx065xx2 + N9016£001 + Mxxl‘SKxxl — Dint W5W/R)

+(Nyx10€4x2) }2mRdx =0

Keeping only the second order terms, the stability equation is obtained:
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y)
8% = j-{ Nyx10&xx1 + NyxoO€xxz + Nog16€gg1 + Myx1 6Kxxs
0 (10.118)
—Dint WOW/R  }2mRdx =0
The buckling mode is assumed to be axisymmetric, periodic expressed as:
W = acos px (10.119)
u = bsinpx (10.120)
with p = /A, and the stability equation (10.118) becomes
2
82 = f{Nxxoagxxz,ab + Nxxl,a55xx1,b + N691,a5€961,b
° (10.121)
+ Mxxl,a‘SKxxl,b - pint/R Wira Wl:/.? }5Qa6qb 2mRdx
= Hgp6qq6q, =0
where () , = 8(*)/dq, and g = [a  b]”, hence
O0&xx11 =0, O&xx12 = pCOSDX (10.122)
0 Exx2,11 = p?sin® px, 8&xx211 = 0€xx2,12 = 0€xx221 =0 (10.123)
Oegg11 = cospx/R, Oeggr, =0 (10.124)
8Kyx11 = —Pp>cospx, OKyy, =0 (10.125)
And the integration identities:
A=m/p A=m/p T
f cos?pxdx = j sin? px dx = — (10.126)
0 0 2p

Using (10.119)-(10.126), the components H,z of tensor H, defined in (10.121), are
expressed as:

2

2 = 74t 1
H= 7T__t —A%0 + (D3 — Pine/T) + A4ED11 ADy; (10.127)

A AD;, A’Dy4
where T = t/R,and 1 = pR = wR/A. The determinant of H should vanish at bifurcation:

det(H) = H11H22 - H12H21 =0 (10128)
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Dy, — DY, /D11 — Pine/T 2 T
A_z + /1 EDll —_ O

= (T[zt)le:l/TZ I_U +

or

1 detD — Dy1 Djne/T - T?
o= 11[ 1 Pine/T | 32 (10.129)

22 D2, 12
where det D = D;;D,, — D;,D;,. Minimizing o in terms of 4, the critical halfwave Acep

and the bifurcation stress o, ., are obtained

D2 1/4
= 11 1/2 10.130
Acep =T llZ(detD — piDiiR/T) (R) ( )
and
Dy Ry
0oy = ldetD D311pmt R/tl (%) (10131)

For any given shell R/t and pressure p;,;, accounting for the stress-controlled loading,

the bifurcation stress o, ., is obtained by solving (10.132) in terms of o, and the applied

axial load F /A using (10.133):

abs(oy) — Ocep (0%, Pint, R/t) = 0 (10.132)
R/t
F/A= 0,0+ % (10.133)

As g, appears in both terms of (10.132), a local iterative scheme for nonlinear equations
is employed to solve it. An exception is the case of bifurcation occurring in the elastic
range of the material, where g, is eliminated from the material moduli in the second term,

hence the solution is found in a straightforward manner.

Equation (10.132) may, equivalently, be used to identify the R/t(o,, pin:) Of the shell
that is pressurized with p;,,; and does not bifurcate before the axial stress reaches a,. Or
it may be used to obtain the pressure p;,:(oy, R/t) that must be applied in advance of
axial compression, so that a shell of a given R/t does not bifurcate before the axial stress
reaches o,. Additionally, the dependence of eq. (10.132) on the R/t ratio and not on the
radius R itself, indicates that all long shells of a given material and R/t, bifurcate at the
same stress o, independent of their scale. As soon as eq. (10.132) is solved, eq.

(10.130) is used to obtain the wrinkling halfwave.
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Buckling formulas for shells under uniform compression equivalent to (10.130), (10.131)
have been presented in several publications e.g. (Batterman, 1965; Reddy, 1979;
Tvergaard, 1983). The analysis by (Bardi & Kyriakides, 2006) provided the formulas in
(4.1), (4.2) for o, ¢p, AcepWhich are identical to (10.130), (10.131) for the case of no

pressure (p, ., =0). Formulas (4.1), (4.2) were further suggested by (Paquette &

int
Kyriakides, 2006) for compressed cylinders under internal pressure. The above proof
demonstrates that an additional term (—D11PintR/t) arises from the potential of the
internal pressure, which should not be neglected a priori. However, this term is found to

be generally small, and the two sets of formulas produce very similar predictions.

The components of D,z may be equivalently obtained from the respective components of
the flexibility moduli C,z, which are readily available, which allows circumventing the

complexity of performing static condensation of the material rigidity tensor.

Dll D12] 1 Cll _Clz]
— 10.134
Di; Dyy]l  detCl—Ciz  Cyy ( )

where det C = C;;C,, — CZ. An explicit expression for the flexibility tensor C for the
axisymmetric problem is given in eq.(10.135), which is applicable for several isotropic
material models in plane stress conditions, upon appropriate definition of the parameters
h offered in Table 2.2.

3 0ge” 3 Oxx 000
1-7~ —vr + 7=
c=— 4 q T g (10.135)
ET v+ _EUxxaee _ _Eo-xxz
T T37q2
where
Er 1—H/h
7=1-— _T_ —/ (10.136)
E; 1+HJ/E
1 E;/1
Vr = E — F (E — V) (10137)

In the above, E, E;, Es are the elasticity (Young), tangent and modified secant material
moduli -see eq. (10.138)-, v is the Poisson ratio, H is the material hardening modulus and

q2 = 0%, + 059 — 040gg is the Von Mises stress. Note that 302, /4q% < 1 and:

1 _1+1
Er H E’

1_
Es

1
= (10.138)

S -
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Finally, the bifurcation stress o, ., and half wavelength 4., for the pressurized shell

under compression may be written as:

c2 1/4
_ 22 1/2
Ac.ep T llz detC (1 — szaee)l (RO
(10.139)
Caz v
=7nR
T [2(1 — szo_ee) Uc.ep]
and
veap = [cz2ea] (1) -
cep 3detC R

It is noted that in the absence of pressure and using J2DT to model inelastic behaviour
(Es = Eg), these formulas reduce to the ones obtained by (Gellin, 1979) for axially

compressed cylinders:

Er t 3

Oc.eplo = Nr i va =vi+ 7 (10.141)

and

Aceplo = __mRe l(1 + Bﬁ) (10.142)
Viza-vhyty o s

Bifurcation into the elastic range

For elastic shells or when bifurcation takes place while the material is loaded into the

elastic range, the calculation of the elastic bifurcation stress in (10.140) and the elastic

wavelength from (10.139) simplifies to:

E
Uc.el = [m

%] \/1 - pintR/(Et) = Oc.el|0V/ 1-p (10.143)

(10.144)

Aol = [ i x/ﬁl ! =2 =
U lya-v T T pnk/Ey VTP
These formulas reduce to the well know expressions for the buckling stress o .o and
halfwave length A, o of the non-pressurized shell under compression (p = 0). Further
considering that p = p;,:R/(Et) = a¢/E < 1 the above may be written as:

Oc.el — _
“=J1-p~1-p/2 (10.145)

Uc.el|0
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Ac.el _ 1 _
= ~1+p/4 (10.146)

Ac.el|0 Y1i—-p

It is seen that pressurization tends to increase the wrinkling wavelength of the shell, while

it reduces the axial stress at buckling. The external axial compression leading to buckling
IS F. o1 = 001 + PineR/2t]A (accounting for the axial tension induced by pressurization
through cap forces). Normalizing by the buckling force under pure compression (p = 0)

A0 )0, it is eXpressed as:

- _ 12 - _ 12
1:;.31/14: 1_ﬁ+p\/21t Rv zl—ﬁ/2+pvzl v
cello / t/R (10.147)
_ o (V1=v? p Dint/2E
z].-I—p/Z( t/R —1>z1+mz1+(t/R)2

This shows that by applying internal pressure a shell can sustain greater axial loads before
buckling occurs than the case of pure compression, as expected. This effect is more
pronounced in the thin-walled shells, with large R/t values. It is noted that for metal
shells, p = 09 /E < 0,/E =~ 0.5%, so any influence in o, .;, A..; due to pressure is

limited.

Bifurcation under external pressure
Using the PVW, the bifurcation pressure is calculated for a tube subjected to external
fluid pressure p,,;: and axial load F, leading to an axially uniform ovalization buckling

mode. The second order terms of the PVW reduce to:

521_[ = f {Nxx&sxx + N995£99 + M995K99
S
(10.148)

1
—(—Pext)d? {W toz W% +vw,yg—v,ew + wz)}} ds =0

To identify the onset of buckling, an arbitrary small perturbation of the displacement field

Is assumed:
u=u, (10.149)
v=vy + v, =0 +bsinnb (10.150)
w=wy+w; =w,+acosnf (10.151)
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p ~ R

Figure 10.5: Bifurcation into an axially uniform ovalization buckling mode of cylindrical
shells under external pressure and axial compression.

The membrane strains and curvatures are:

Exx = €xx0 = Uox (10.152)

€99 = €90 T €991 T €p62

_Yo o, (nta) cosnd + M sin® né N
R R 2R?
Kyp = 0 (10.154)
Koo = Kggo + Kggr = 0 + n%cos né (10.155)
The force and moment intensities are given by:
Nyy = Nyyo + Nyyy = —ot +tDy,(bn+ a)/R cosné (10.156)
Ngg = Nggo + Ngg1 = —PextR + tDyy(bn + a)/R cosné (10.157)
M,y = Myyo + My = 0 +t3/12D;n(b+ an)/R?cosnf  (10.158)
Mgy = Mggo + Mgy, = 0 +t3/12D,,n(b +an)/R*cosnf®  (10.159)
The PVW takes the form:
21
8211 = ZﬂRLfO {No9oSc992,ap + Nog1,a0€091 + Nyx1,a8€xx1p
Pext (10.160)

+Mpgg1,40Ke01p +

g 00+ W= v w + W), }d95qa5qb

= Hab5qa5Qﬁ =0
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Accounting for (10.149)-(10.159) and the identities:

2 2
J- cos?nf do = J- sinnfdf =n (10.161)
0

0

the tensor H takes the form:
(10.162)

where T = t/R. The shell becomes unstable when detH = H,,H,, — H;,H,; = 0 which
solved in terms of p,,; reduces to

_ (n? —1)Dy;, 7°

_ L 10.163
Pext = (1 1 72/12) 12 ( )

For n = 1, the bucking mode represents solid body translation of the tube, which is
postulated to be constrained, so the critical (minimum) buckling pressure p,. is obtained
for n = 2, in which case b  —a/2 and the eigenmode represents uniform ovalization
at:

DZZ
Pe =41 + (1/12)(¢/R)7]

t 3
— 10.164
®) 10164
Or equivalently using (10.134)

3

(10.165)

Ci1/detC t

Pe =21 + (1/12)(t/R)?] <E>
The critical axial stress for cylindrical shells under a specified external pressure p. can
be obtained by solving iteratively eq. (10.165) in terms of o,, which appears in the
material flexibility moduli in C. For linear elastic thin-walled cylinders it reduces to the
well know expression:

E t\3
Pcet = 1 =2 (E) (10.166)

The analysis by (Ju & Kyriakides, 1992) resulted in a formula almost identical to (10.164)
for p., with the sole difference of an additional term 4 in the denominator, which takes
the form [1 + (1/124)(¢/R)?]. The term A = 1 — D%,/D,,D,, originates from the
demand for (N,,,; = 0), meaning no change in the axial stress may occur at any point of

the cross section. However, this demand implies that axial strain is non-zero (e, =
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— Dy,/D14 €991) and it does not conform with the assumed buckling mode in (10.149)-
(10.151) that is the basis of both the present analysis and the one by (Ju & Kyriakides,
1992). It is assumed that the intended demand was for no change in the overall axial force

in the cross section, expressed as:
21
OF, = f Nyx1 RdO =0 (10.167)
0

This more reasonable demand is satisfied by identity, considering the definition of N,

in (10.156) and the assumed buckling mode.

The obtained bifurcation formula (10.164) refers to any axial loading conditions
(hydrostatic stress, zero axial stress, zero axial strain) adopting the relevant stress values
when calculating the stiffness component D,,. It is noted that in all cases, the term 4 is
close to unity and it is multiplied by a small quantity small value (1/12)(t/R)? so it has
very limited influence in the calculated critical values by (Ju & Kyriakides, 1992), which

are practically identical to the ones obtained by (10.164).
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